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1. Introduction

A market’s demand curve holds its unobserved conditions (quality, local tastes,
recent advertising) fixed and varies price, so that two markets sharing observed
characteristics but differing in these conditions face different demand curves.
Policy counterfactuals such as merger simulation, tax pass-through, new-product
introduction, and welfare analysis require this market-specific object, not an
average across markets.

An experiment that randomizes prices reveals the average demand response at
each price, but not which latent state generated any particular market’s observed
outcome. The experiment eliminates confounding between price and unobserv-
ables, but it does not recover the unobservables themselves. Berry and Haile (2021,
p. 11) put it directly: “A LATE averages over the latent variables; this is not the
same thing as holding them fixed.” This paper asks when the two objects coincide
and what bridges the gap when they do not.

The slopes of the two objects coincide if and only if demand is additively
separable in price and the unobserved state (Theorem 1). Separability means the
unobserved state shifts demand levels but does not change how demand responds
to price. Once the latent state interacts with price, the experimental average
diverges from every market’s slope. Even under separability, population-average
elasticities differ from unit-level elasticities because the demand level itself varies
with the latent state. Linear demand with additive shocks satisfies this condition.
Standard discrete-choice models violate it because demand shares are nonlinear
in the latent demand index. Berry and Haile (2021) conclude that experiments
“generally” do not identify demand; the theoremmakes “generally” exact.

When separability fails, as it does in every standard model, structural esti-
mation can recover the market-specific demand curve. It does so if and only if
the observed data identify the market’s latent demand index (Corollary 1). The
Berry (1994) share inversion recovers this index from observed shares, prices,
and characteristics (Theorem 2). Counterfactuals that also change product charac-
teristics require recovery of the underlying latent state, not just the index. Berry
and Haile (2014) give sufficient conditions for identification of the demand sys-
tem; Berry, Gandhi, and Haile (2013) show that, under connected substitutes,
invertibility holds globally. Prior work establishes that inversion is sufficient.1We

1Priorwork treats inversion as a computational device rather than an identification requirement.
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prove it is also necessary: without invertibility, even price-only counterfactuals
are set-identified (Proposition 4). Without recoverability, characteristics-changing
counterfactuals remain ambiguous even when the demand index is unique.

Together the two characterizations give a practitioner a diagnostic. Check
additive separability. In the workhorse models considered here, it fails; check
invertibility. When invertibility fails, the counterfactual gap widens with the price
change. The rate of widening tracks howmuch markets differ in price sensitivity
(Proposition 2). The gap is large enough tomatter in practice. Amerger calibration
in Section 7 shows that two markets differing only in unobserved quality produce
predicted merger price increases of 36% and 71%—a factor-of-two difference
driven entirely by the latent state.

The formal language that makes the gap precise comes from the causal hi-
erarchy, Pearl’s framework for distinguishing observational, interventional, and
counterfactual inference (Pearl 2009; Bareinboim et al. 2022).2 An experiment
answers an interventional question: what happens on average when price is set
to p. The demand curve answers a counterfactual question: what would this spe-
cific market demand at p. Moving from one to the other requires what Pearl calls
abduction: recovering the market’s latent state from observed data. Berry inver-
sion performs exactly this step. The hierarchy provides the objects that make the
gap precise enough to characterize; the identification relies on functional-form
conditions (additive separability, invertibility) that the graph alone cannot express.

Both characterizations sharpen existing sufficient conditions into exact ones.
Angrist, Graddy, and Imbens (2000) show that without additive residuals, instru-
mental variables (IV) identify a weighted average of market-specific demand
derivatives; with additive residuals, every market’s slope coincides—but they es-
tablish only the sufficient direction. We add the converse: if the experimental
derivative matches every market’s derivative, demand must be additively separa-
ble (Theorem 1), making Berry and Haile’s (2021) observation that experiments
do not generally identify demand exact. Heckman and Pinto (2024) study related
sufficient conditions for structural models more broadly. Berry and Haile (2014,

Berry (1994, p. 249) compares it to “taking logarithms of observed data.” Berry andHaile (2021, p. 40)
call it a “trick” that yields equations each with one demand shock. Berry and Haile (2021, p. 57)
leave as an open question “the extent to which there are helpful estimation approaches—perhaps
involving partial identification—for settings in which invertibility fails.”

2Hünermund and Bareinboim (2025) survey how tools from Pearl’s framework—do-calculus,
data fusion, transportability—can be applied in econometric settings; Huntington-Klein (2022)
reviews the reception of Pearl’s causal program in empirical economics.
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2018) establish identification conditions for demand systems and broader classes
of nonseparable models; their results “extend immediately to any environment in
which one can invert the demand system” (Berry andHaile 2014, p. 1786) but do not
characterize the non-invertible case. The question of which unit-level counterfac-
tuals these conditions deliver has remained open. In treatment effects, Kline and
Walters (2019) resolve apparent structural-vs-IV disagreements by showing both
yield equivalent LATE estimates. Any disagreement found is about the estimand,
not the method.

Several recent papers approach the same boundary from complementary di-
rections. Chen (2025) recasts the Berry–Haile framework in potential-outcomes
language and shows that counterfactual homogeneity is necessary for point iden-
tification of unit-level counterfactuals; our results work within the maintained
index/inversion framework and characterize which conditions are necessary for
price-only versus characteristics-changing counterfactuals (Online Appendix G
relates the two approaches). Borusyak et al. (2026) show that market-specific price
counterfactuals require stronger identifying variation than average price effects,
even though they require less than full demand identification. Andrews et al.
(2025) addresses what comes after: once separability fails and the analyst must
use structural estimation, the resulting counterfactuals remain trustworthy under
misspecification only with sufficiently strong excluded-variable variation.

Section 2 introduces the demand model. Section 3 defines the two objects
and constructs a simple example. Section 4 characterizes when the gap vanishes,
Section 5 how structural estimation bridges it. These sections are self-contained.
Section 6 translates the results into Pearl’s hierarchy. Section 7 quantifies the gap
with a merger calibration.

2. The DemandModel

This section introduces the primitives. The model is standard. What is new is the
identification question we bring to it. Berry and Haile (2014) ask when the demand
system D is identified from cross-market variation. We take D as identified and ask
a different question: when is the counterfactual D(x̄, p′, ξ̄) at a specific market’s
realized ξ̄ point-identified from that market’s observed evidence (Q∗,P∗,X∗)? The
demand system, the latent shifter, and the inversion logic of Berry (1994) are all
unchanged. The identification target is not.

3



2.1. Markets, units, and latent demand conditions

We study a market for differentiated products (or a single homogeneous good as a
special case). Amarket is a product-market-time cell t.3 Each market has observed
characteristics Xt (product attributes, consumer demographics, income) and an
unobserved demand shifter ξt that captures everything affecting demand that the
econometrician does not observe—unobserved product quality, local tastes, recent
advertising. The pair (Xt,ξt) constitutes themarket’s demand conditions. Price Pt is
determined in equilibriumby the interaction of demand and supply conditions; we
impose no restriction on the pricing mechanism. Quantity demanded (or market
share) is Qt = D(Xt,Pt,ξt), where D is the structural demand function. In the
discrete-choice framework, D is obtained by integrating individual consumers’
choice probabilities over the distribution of consumer types, so that ξ is a market-
level object even though consumers are heterogeneous.4

The demand counterfactual “what would this market demand at price p” holds
the market’s demand conditions (Xt,ξt) fixed and replaces the pricing equation,
regardless of what supply-side conditions generated the observed price. The de-
mand system is triangular: X and ξ are exogenous; P is set by demand and supply;
Q = D(X,P,ξ) is the outcome. The demand equation is structural in Haavelmo’s
(1943) sense: it remains invariant under interventions on P (see also Pearl 2015, for
the connection to causal calculus). The identification results do not require Pearl’s
structural causal model (SCM) framework, but Section 6 develops the translation.

3. Two Distinct Objects

Berry and Haile (2021, p. 7) distinguish “average responses of demand to price
changes” from “the levels and slopes of demand at specific points.” The former
is what experiments deliver. Set a price, average over markets. The latter is what
merger simulation, pass-through, and welfare analysis require. The paper centers

3In the BLP tradition, a “market” is a geographic area in a given time period, and a “product” is
a particular model or brand available in that market. We use t as a generic market index.

4The treatment effects literature developed the prediction–planning distinction that motivates
this analysis. Heckman and Vytlacil (2005) unified the two approaches through the marginal
treatment effect (MTE), Vytlacil (2002) proved they impose identical restrictions on counterfactual
data, and Kline and Walters (2019) showed that structural and reduced-form estimators agree on
local average treatment effects but diverge when targeting different parameters—disagreements
arise from the choice of estimand, not functional form alone.

4



on two formal objects that correspond to this distinction.5 Throughout, we take
the structural demand system as identified from cross-market variation. The
identification question is whether unit-level counterfactuals are additionally point-
identified for a specific market.

DEFINITION 1 (Market-specific (ceteris paribus) demand curve). For a market with
observed characteristics x̄ ∈ X and unobserved demand conditions ξ̄ ∈ Ξ, the market-
specific demand curve is

qx̄,ξ̄(p) ≡ D(x̄, p, ξ̄), p ∈ P.

This holds the market’s demand conditions (x̄, ξ̄) fixed and maps price to quantity
demanded.

DEFINITION 2 (Experimental average). The average quantity demanded when price
is set to p across all markets with observed characteristics x is

m(p,x) ≡ ∫ D(x, p,ξ)dFξ∣X=x(ξ).

A randomized price experiment that sets P = p for a population of markets with charac-
teristics x identifies m(p,x).

Throughout, we distinguish two information environments. Experimental infor-
mation gives the analyst the full interventional family—the distribution of quantity
at every price and characteristics vector—but not any specific market’s realized ξ̄.
Structural information additionally provides the demand function σ(⋅;θ) at the true
parameter and a target market’s observed evidence e = (Q∗,P∗,X∗). Theorem 1
characterizes when experimental information alone suffices; Theorem 2 shows
what structural information adds.

The demand curve qx̄,ξ̄(p) holds the market’s unobserved conditions fixed.
The experimental averagem(p,x) integrates over them. Merger simulation, pass-
through, andwelfare analysis require the demand curve: each operates at a specific
market’s realized conditions, not an average.6 Anexperiment givesm. The question
is when these two objects coincide.

5Section 6maps these objects into Pearl’s causal hierarchy: the experimental average is a Rung 2
(interventional) quantity; the demand curve is Rung 3 (counterfactual). The results in Sections 3–5
do not depend on that framework.

6Pass-through, merger simulation, and welfare are equilibrium counterfactuals that take the
demand curve as an input. They differ across markets because the relevant objects (incidence
ratios, diversion ratios, compensating variation) are nonlinear functions of the demand slope,
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Two markets that share the same observed characteristics x but differ in un-
observed demand conditions ξ have the same experimental averagem(p,x) but
different demand curves qx,ξ(p). The example below shows the gap is real. We
grant the analyst complete experimental knowledge: the full conditional distribu-
tion of quantity at every price. Even this cannot determine which demand curve
generated the observed market.

3.1. A simple example

We construct the simplest model exhibiting the gap. Two linear demand curves
with different slopes cross at the observed equilibrium price. The proposition
below formalizes the three claims.

PROPOSITION 1 (Constructive experimental–structural gap). Suppress X (equiva-
lently, condition on a fixed X = x throughout). Assume the price support P contains
more than one point. Consider the demand model with

D(p,ξ) = α(ξ) −β(ξ) p, β(ξ) > 0,

and suppose ξ ∈ {ξ1,ξ2} with β(ξ1) ≠ β(ξ2). Write D(p′,ξk) for the counterfactual
demand of a market with ξ = ξk.
(a) Observational equivalence. There exist parameter values such that two markets

with different latent types generate the same observed data (Q∗,P∗).
(b) Counterfactual divergence. For every p′ ≠ P∗, D(p′,ξ1) ≠ D(p′,ξ2).
(c) Experimental insufficiency. For every p′ ≠ P∗, the identified set I(p′; e) (Defini-

tion 3) contains more than one point for a market observed at e = (Q∗,P∗).

PROOF. (a) The two demand curves cross at P∗ = (α(ξ1) −α(ξ2))/(β(ξ1) −β(ξ2)),
yielding common quantity Q∗ = α(ξ1)−β(ξ1)P∗. Concretely: α(ξ1) = 12, β(ξ1) = 3,
α(ξ2) = 6, β(ξ2) = 1 gives P∗ = 3, Q∗ = 3.

(b) The crossing conditionD(P∗,ξ1) = D(P∗,ξ2) impliesα(ξ1)−α(ξ2) = (β(ξ1)−
β(ξ2))P∗, soD(p′,ξ1)−D(p′,ξ2) = (β(ξ1)−β(ξ2))(P∗− p′) ≠ 0 for all p′ ≠ P∗, since
β(ξ1) ≠ β(ξ2) by assumption. Concretely: at p′ = 4, D(4,ξ1) = 0 and D(4,ξ2) = 2.

(c) The evidence is e = (Q∗ = 3,P∗ = 3). Two latent types, ξ1 and ξ2, are both
consistent with e by part (a). The average demand m(p,x) = πD(p,ξ1) + (1 −

and the slope varies across markets whenever (AS) fails. Online Appendix A develops these three
applications in detail.
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D(p,ξ1)
slope = −3

D(p,ξ2)
slope = −1

(P∗=3, Q∗=3)
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0
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3

FIGURE 1. Two demand curves that cross at (P∗,Q∗) = (3, 3). At the observed
price, both types produce the same quantity. At the counterfactual price p′ = 4,
type ξ1 (solid, steep) demands Q = 0 while type ξ2 (dashed, flat) demands Q = 2. A
randomized experiment identifies the experimental averagem(p,x) at every p,
yet cannot determine which demand curve belongs to the observed market.

π)D(p,ξ2), where π ≡ P(ξ = ξ1 ∣ X = x), is fully determined by (α(⋅),β(⋅),π)
and does not depend on which type generated e: knowledge ofm(p,x) for all p
cannot distinguish ξ1 from ξ2 at the observed evidence. By part (b), D(p′,ξ1) ≠
D(p′,ξ2) for every p′ ≠ P∗; so both types are consistent with e yet produce distinct
counterfactuals. Hence I(p′; e) contains more than one point for any p′ ≠ P∗.

Figure 1 illustrates the geometry.
Experiments succeed at what they target: identifyingm(p,x) at every p. But

even experimentally set prices do not resolve the gap. Both types generate (Q∗=
3,P∗=3) regardless of how P∗=3 was assigned. The experiment eliminates con-
founding between P and ξ (the identification problem that instruments address)
but does not determine which latent type generated the data. The gap is in price
sensitivity; at the crossing point, the two types’ slopes differ by a factor of three.
Two markets that look identical from experimental data respond differently at
every other price. Bray, Sanders, and Stamatopoulos (2024) document the empiri-
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cal counterpart: observational price variation in scanner data cannot reproduce
experimental price elasticities. A demand curve is a market-specific object.

In Online Appendix A, pass-through and pre-tax consumer surplus differ by
factors of 2 and 3 respectively across the same two markets. A merger authority
using the experimental average would predict the wrong price change in both
markets, overstating it where ξ is low and understating it where ξ is high. The
error is systematic and predictable from the theory. The constructive example
uses a discrete two-typemodel; Section 4 generalizes to any demand function with
slope heterogeneity.

4. When Does Experimental Identification Suffice?

Experimental information identifiesm(p,x), not the demand curve qx̄,ξ̄(p) of any
specific market. When exactly do they coincide?

4.1. The identification gap

In demand the gap takes a concrete form. We observe one equilibrium outcome
per market, e = (Q∗,P∗,X∗), and want the entire response function p↦ qX∗,ξ̄(p)
for that market’s realized ξ̄.

DEFINITION 3 (Identified set for counterfactual demand). Fix the demand function
D and observed evidence e = (Q∗,P∗,X∗). The identified set for counterfactual demand
at price p′ is

I(p′; e) ≡ {D(X∗, p′, ξ) : D(X∗,P∗,ξ) = Q∗, ξ ∈ supp(ξ ∣ X∗) }.

For characteristics-changing counterfactuals at (x′, p′), define analogously

I(x′, p′; e) ≡ {D(x′, p′, ξ) : D(X∗,P∗,ξ) = Q∗, ξ ∈ supp(ξ ∣ X∗) }.

The counterfactual is point-identified if the corresponding identified set is a singleton.

The identified set collects all counterfactual demands at p′ across latent states ξ
consistentwith the observed evidence at the equilibriumprice.7Non-identification

7The standard definition of “identification” in econometrics—uniqueness of the structural
parameter across DGPs consistent with the reduced form—is a question about the demand function
D. Definition 3 takes D as given and asks the sharper question: is the counterfactual at a specific
market’s conditions uniquely determined by the evidence?
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means ∣I∣ > 1: distinct latent states consistentwith the same evidence yield different
counterfactual demands.

4.2. The gap is generic

Non-identification holds for any continuously differentiable demand function
with slope heterogeneity, not just the two-type case.

PROPOSITION 2 (General non-identification of market-specific demand). Let D :
P × Ξ→ R be continuously differentiable in p and suppress X. Suppose:
(i) Crossing with slope heterogeneity. There exist ξa,ξb in the support of ξ and a

price P∗ ∈ P such that D(P∗,ξa) = D(P∗,ξb) and ∂D
∂p (P

∗,ξa) ≠ ∂D
∂p (P

∗,ξb).
(ii) Support richness. Both ξa and ξb have positive probability (or positive density)

conditional on X = x.
Then:
(a) Local non-identification. There exists a punctured neighborhood of P∗ on which

D(p′,ξa) ≠ D(p′,ξb). Consequently, for evidence e = (Q∗,P∗)withQ∗ = D(P∗,ξa) =
D(P∗,ξb), the identified set I(p′; e) contains more than one point for every p′ in
that punctured neighborhood.

(b) Divergence rate. The width of the identified set satisfies

w(p′) ≡ ∣D(p′,ξa)−D(p′,ξb)∣ = ∣
∂D
∂p
(P∗,ξa)−

∂D
∂p
(P∗,ξb)∣⋅∣p′−P∗∣+o(∣p′−P∗∣).

PROOF. See Appendix B.

Condition (i) combines two requirements, observational equivalence at P∗ (the
negation of the abduction condition in Section 5) and slope heterogeneity at P∗ (the
negation of (AS), as characterized by Theorem 1). Neither alone suffices—crossing
without slope heterogeneity means counterfactuals coincide; slope heterogeneity
without crossing means experimental information can distinguish the types at
the observed price.8 Part (b) gives the size of the gap. To first order, the identified
set widens linearly with distance from P∗, at a rate equal to the absolute slope
difference; higher-order terms may widen or narrow the true width. For a merger

8Different slopes alone do not guarantee a crossing on the price support; the crossing condition
requires non-invertibility of D(P∗, ⋅) at the observed quantity, which is a separate condition from
slope heterogeneity. With multi-dimensional ξ (J > 1), non-injectivity of D(P∗, ⋅) is typical absent
additional restrictions.
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that raises price by 10%, the first-order width is ∣β(ξ1) −β(ξ2)∣ ⋅ ∣p′ − P∗∣; equiva-
lently, the absolute slope difference times the price change. In the crossing-curves
example (β(ξ1) = 3, β(ξ2) = 1), a 10% price change produces a counterfactual gap
of 0.6 units, roughly 20% of the observed quantity.

4.3. When the gap vanishes

When exactly does the gap vanish? The answer is a functional-form condition.
The gap vanishes in derivatives if and only if D is additively separable in (p,ξ), the
demand analogue of “no essential heterogeneity” in the treatment effects literature
(Heckman and Vytlacil 2005). No prior result establishes that this condition is both
necessary and sufficient.

THEOREM 1 (When does the experimental average match the demand curve?). Let
D : X × P × Ξ → RJ be the demand function, with each component D j continuously
differentiable in p. Define the J × J price Jacobian Jp(x, p,ξ) ≡ ∂D(x, p,ξ)/∂p′ and the
population-average Jacobian J̄p(p,x) ≡ E[Jp(x, p,ξ) ∣ X = x]. For part (b), assume the
entrywise analogues of Assumptions A4 and A2 in Appendix B: P is a connected open
subset of RJ, and each ∂D j/∂pk is dominated on compact price sets by an integrable
envelope.
(a) Levels (trivial case).m(p,x) = D(x, p, ξ̄) for all ξ̄ in the support of ξ ∣ X = x and

all p ∈ P, if and only if D(x, p,ξ) is constant on the support of ξ ∣ X = x for each p.
(b) Marginal price effects. J̄p(p,x) = Jp(x, p, ξ̄) for all ξ̄ in the support of ξ ∣ X = x

and all p ∈ P, if and only if D is additively separable:

(AS) D(x, p,ξ) = f (x, p) + g(x,ξ)

for vector-valued functions f and g, for all ξ in the support of ξ ∣ X = x, simultane-
ously for all p ∈ P.

PROOF. (a) E[D(x, p,ξ) ∣ X = x] = D(x, p, ξ̄) for every ξ̄ in the support forces
D(x, p, ⋅) constant on the support; converse immediate.

(b) (⇒, Jacobian invariance implies separability): Fix (x, p) and, for each ( j, k),
let h jk(ξ) ≡ ∂D j(x, p,ξ)/∂pk. The hypothesis and the argument of part (a) imply
that each h jk is constant on the conditional support of ξ. Since this holds for each
( j, k) and each p, the Jacobian Jp(x, p,ξ) does not depend on ξ. Fix a reference
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price p0 ∈ P and any ξ0 in the conditional support. Define

f (x, p) ≡ D(x, p,ξ0) −D(x, p0,ξ0), g(x,ξ) ≡ D(x, p0,ξ).

LetHξ(p) ≡ D(x, p,ξ)− f (x, p)−g(x,ξ). Then∂Hξ/∂p′ = Jp(x, p,ξ)−Jp(x, p,ξ0) = 0
on P by Jacobian invariance, andHξ(p0) = 0 by construction. Since P is connected
and Hξ has zero gradient, Hξ ≡ 0, establishing (AS). (⇐): If D = f + g, then Jp =
∂ f /∂p′ does not depend on ξ (the dominated convergence step uses the entrywise
envelope).

The necessity direction requires that the price support P is connected (As-
sumption A4): the zero-gradient argument uses connectedness to conclude Hξ ≡ 0
from ∇Hξ = 0 andHξ(p0) = 0. On a disconnected price support, the “constants”
D(x, p0,ξ) could differ across components, so Jacobian invariancewould not imply
global additive separability. When J = 1, the Jacobian reduces to the scalar deriva-
tive ∂D/∂p, connectedness reduces to P being an interval, and the decomposition
recovers the scalar form of (AS).

Theorem 1(b) sharpens an observation of Angrist, Graddy, and Imbens (2000).
Without additive residuals, the linear IV estimand in a simultaneous equations
model is a weighted average of market-specific demand derivatives, with weights
that depend on the instrument. Their Corollary 3 shows that the additive-residual
model D(x, p,ξ) = f (x, p) + ε(x,ξ) collapses this weighted average to a single
slope—the slope of the average demand function, which then equals every mar-
ket’s slope. Angrist, Graddy, and Imbens (2000) establish the sufficient direction
(their Corollary 3). Theorem 1(b) adds the converse: if the experimental derivative
equals every market’s derivative, (AS) must hold. The iff characterization makes
Berry and Haile’s (2021) “generally” exact. Heckman and Pinto’s (2024) P3–P4 pol-
icy problems—forecasting modified or never-implemented policies—are exactly
the problems that require market-specific identification; Theorem 1 gives the
functional-form condition they leave unspecified.

Experimental data reveal the marginal distribution of D(x, p,ξ) at each p sep-
arately, but not the joint across prices. Recovering a specific market’s demand
curve requires matching that market’s response across prices, and without (AS)
this matching generally fails. The gap between any two markets varies with price,
so knowing their difference at one price does not pin down their difference at
another. Merger analysis cannot rely on average demand responses. The price
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change depends on ∂D/∂p at the merging market’s specific ξ̄, not on the average.
Additive separability is highly restrictive: any (p,ξ) interactionmoves demand

off the separable subspace. Random-coefficients logit has additively separable util-
ity, but the market shares that result from aggregation are not additively separable
in (p,ξ), because the logit transformation creates the interaction. Utility-level
separability is standard; demand-level separability (AS) is the knife-edge. Allen
and Rehbeck (2019) show that when utility is additively separable in observables
and unobservables, utility indices and average welfare are nonparametrically
identified from conditional means alone. Their separability is a restriction on the
primitive (the utility function); ours is a restriction on the solution (the demand
function). When the structural function is strictly monotone in a scalar unob-
servable, point identification of market-specific counterfactuals follows without
separability: monotonicity in ξmakes the map ξ ↦ D(x, p,ξ) invertible at each
(p,x) (Chernozhukov and Hansen 2005; Torgovitsky 2015; Imbens and Newey
2009). This is not an alternative to inversion; it is inversion, with ξ itself serving
as the index. In the language of Section 5, scalar monotonicity is the special case
of C1–C2 in which the index δ equals ξ (the scalar case J = 1, where ξ↦ D(x, p,ξ)
mapsR→ R), so the inversion and recoverability steps collapse into one. Theorem1
characterizes when that step is unnecessary; Theorem 2 characterizes what it de-
livers when it is necessary.9 Section 4.5 shows that every standard discrete-choice
system violates (AS).

4.4. Level shifts versus slope shifts

The characterization has a natural decomposition into level shifts and slope shifts.
Linear demand with additive shocks (Pearl’s running example) satisfies (AS) and
thus obscures the gap. The gap binds when the latent state affects the slope of
demand; a pure level shift preserves (AS) and the gap closes. Write D(x, p,ξ) =
D̄(x, p) + η(x, p,ξ), where D̄(x, p) ≡ E[D(x, p,ξ) ∣ X = x] is the population-average
demand and η captures the deviation of each market from the average. If η does
not depend on p, meaning the latent state shifts demand up or down without
altering the slope, then D(x, p,ξ) = D̄(x, p)+η(x,ξ), which is additive separability

9Whether unobservables enter additively is a central boundary in nonparametric identification
(Matzkin 2007). In the partial identification setting, Tebaldi, Torgovitsky, and Yang (2023) esti-
mate demand nonparametrically without distributional assumptions on unobservables. Borusyak
et al. (2026) show that price counterfactuals require less identifying variation than full demand
identification but more than average price effects; Online Appendix G develops the connection.
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(AS), and the identification gap vanishes in derivatives. If ∂η/∂p ≠ 0 for some ξ,
the latent state affects how responsive demand is to price, and the gap binds.

4.5. Why workhorse demandmodels fail separability

PROPOSITION 3 (Cross-partial test for separability failure). Consider a demand
model D(x, p,ξ) that is jointly differentiable in (p,ξ). If ∂2D/∂p∂ξ ≠ 0 at some (x, p,ξ)
in the support, then D does not satisfy (AS).

PROOF. Contrapositive. Under (AS), D(x, p,ξ) = f (x, p) + g(x,ξ), so ∂D/∂p =
∂ f /∂p, which does not depend on ξ. The cross-partial ∂2D/∂p∂ξ is therefore
zero everywhere.

The test is immediate to apply. In the homogeneous logit, the own-price deriva-
tive is ∂σ j/∂p j = −ᾱ σ j(1 − σ j), and

∂2σ j
∂p j ∂δ j

= −ᾱ σ j(1 − σ j)(1 − 2σ j),

which is nonzero whenever σ j ≠ 1/2. In the logit, δ j = x′jβ + ξ j, so ∂δ j/∂ξ j = 1;
the chain rule then yields ∂2D j/∂p j ∂ξ j ≠ 0, and Proposition 3 rules out (AS).
The same argument applies to the nested logit and CES demand (Appendix A
gives the formulas). In the random-coefficients logit, the own-price derivative
∂σ j/∂p j is a weighted average of αi over individual choice probabilities πi j, both
of which depend on δ and hence on ξ—higher mean utility shifts the composition
of marginal consumers, changing the derivative even at the same price. Every
workhorse discrete-choice model fails the cross-partial test.

The gap extends to elasticities: even under (AS), population-average elasticities
generically differ from unit-level elasticities because the denominator D depends
on ξ (Appendix D). Berry and Haile (2021) put it directly: a ratio of averages does
not equal the average ratio. If the samemarket is observed atmultiple exogenously
assigned prices while ξ remains fixed, the demand curve is directly estimable, but
this panel shortcut rarely applies (see the end of Appendix D).

Theorem 1 characterizes when the gap vanishes. Theorem 2 characterizes how
to cross it when it does not. In practice, crossing the gap means identifying which
demand curve, among all those consistent with the population data, generated
the observed market. The structural model provides exactly this map.
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5. Bridging the Gap: The Structural Model as Abduction

When additive separability fails, experimental information does not determine
the demand curve of any specific market. Structural estimation bridges the gap by
recovering the market’s demand index from observed data. The procedure has
three steps.
a. Abduction. Recover the market’s demand index δ∗ from observed shares,

prices, and characteristics. If the counterfactual also changes characteristics,
separately recover the underlying latent demand state ξ̄.

b. Action. Replace the pricing equation with P ← p′, holding the demand function
and the market’s latent state fixed.

c. Prediction. Evaluate counterfactual demand at the recovered state, which is
market-specific.

Berry inversion performs step 1. Given abduction, steps 2 and 3 are mechanical.
Standard BLP-style merger analyses already execute this procedure—estimate θ̂
from cross-market moments, invert each market’s observed shares to recover δ∗,
then evaluate counterfactual shares at the new price. We prove that the conditions
for this procedure to deliver point identification are tight.

5.1. Berry inversion as abduction

THEOREM 2 (The structural model identifies the demand curve). Consider the
structural demand model Q = D(X,P,ξ), invariant under interventions on P. Suppose:
(C1) Index structure. There exists a function σ known up to a finite-dimensional

parameter θ ∈ Θ and a latent demand index δ : X × Ξ→ RJ such that D(x, p,ξ) =
σ(δ(x,ξ;θ), p,x;θ).10

(C2) Invertibility. For each (p,x), the map δ↦ σ(δ, p,x;θ) is invertible, so observed
shares Q∗ admit a unique δ∗ = σ−1(Q∗, p,x;θ).

(C3) Recoverability. For each x, the mapping ξ↦ δ(x,ξ;θ) is injective, so there exists
a known (up to θ) function r with ξ = r(δ,x;θ).

Then for any market observed at (Q∗,P∗,X∗) (with Q∗ ≡ s∗ in the share-vector case):
(a) Price-only counterfactuals (C1–C2). Under C1 and C2, the market’s demand index

10“Known up to θ” means the functional form of σ is specified; only the parameter θ is unknown.
The results extend to the semiparametric case where σ is nonparametrically specified, as in Berry
and Haile (2014), since the identification argument uses the structure of σ at the true parameter
value.
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is uniquely recovered:
δ∗ = σ−1(Q∗,P∗,X∗;θ).

For any counterfactual price p′ holding characteristics fixed at X∗:

D(x̄, p′, ξ̄) = σ(δ∗, p′, X∗; θ).

Condition C3 is not required.
(b) Characteristics-changing counterfactuals (C1–C3). Under C1, C2, and C3, the

market’s latent state is uniquely recovered: ξ̄ = r(δ∗,X∗;θ). For counterfactual
characteristics x′ and price p′:

δ′ = δ(x′, ξ̄;θ), D(x′, p′, ξ̄) = σ(δ′, p′,x′;θ).

PROOF. (a) Observed quantities satisfy Q∗ = σ(δ∗,P∗,X∗;θ) with δ∗ = δ(X∗, ξ̄;θ)
by C1. By C2, δ∗ = σ−1(Q∗,P∗,X∗;θ). Under the intervention P ← p′, the demand
function remains Q = σ(δ, p,x;θ) (structural invariance). Since X and ξ (hence δ∗)
are unchanged, D(x̄, p′, ξ̄) = σ(δ∗, p′,X∗;θ). Neither ξ̄ nor r enters this argument.

(b) By C3, ξ̄ = r(δ∗,X∗;θ). For a counterfactual that also changes characteristics
to x′, the recovered ξ̄ is used to form δ′ = δ(x′, ξ̄;θ), andD(x′, p′, ξ̄) = σ(δ′, p′,x′;θ).

Structural estimation adds the market’s position on the demand curve, and
the conditions for this are tight. Proposition 4 shows C2 and C3 are generically
required; Proposition A1 (Appendix C) shows C1 is required too—index structure
is not a maintained assumption but a consequence of what point identification
from a single observation demands. Without invertibility, even price-only coun-
terfactuals are set-identified. Without recoverability, characteristics-changing
counterfactuals remain ambiguous even when δ∗ is unique.

Conditions C1–C2 are jointly sufficient for the recovery map from (Q∗,P∗,X∗)
to a latent index δ∗ to be single-valued. The inversion step in demand estimation,
familiar since Berry (1994), turns a single equilibrium observation into an inferred
latent state.11 The Berry–Haile identification conditions—which build onMatzkin’s
(2008) nonparametric identification framework for nonseparable models and
are extended to micro data in Berry and Haile (2024)—are the conditions for
this inversion to be well-defined. Both characterize when inversion identifies

11In the multinomial logit, the inversion is closed-form: δ jt = log s jt − log s0t.
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the demand system. We show their conditions are also necessary for market-
specific counterfactuals (Corollary 1), and Theorem 1 characterizes separately
when inversion is needed at all.

Learning σ(⋅;θ) from cross-market variation is the task of population-level
identification. It uses cross-market variation to pin down the demand function.
Evaluating D(x̄, p′, ξ̄)market by market is structural identification. The parame-
ters θ come from cross-market moments. Each market’s δ∗ comes from inverting
that market’s observed shares given θ.

Online Appendix B traces the three-step procedure through a logit market
with J = 3 products, computing counterfactual shares step by step. Appendix C
discusses the identification content of each condition, and Online Appendix C
establishes their necessity.

PROPOSITION 4 (Necessity of abduction conditions). Consider the demand model
and notation of Theorem 2.
(a) Failure of invertibility. If σ(⋅, p,x;θ) is not injective at (p∗,x∗) and the pre-

image elements are not observationally equivalent—i.e., there exist δ1 ≠ δ2 in
σ−1({Q∗}, p∗,x∗;θ) with σ(δ1, p̃,x∗;θ) ≠ σ(δ2, p̃,x∗;θ) for some witness price
p̃ ∈ P—and both δ1,δ2 lie in the range of ξ↦ δ(X∗,ξ;θ) for ξ ∈ supp(ξ ∣ X∗), then
the identified set I( p̃; e) contains more than one point.

(b) Failure of recoverability, conditional on invertibility. Suppose C2 holds, so that
δ∗ is uniquely recovered. If ξ↦ δ(x,ξ;θ) is not injective and the pre-image elements
produce distinct indices at some counterfactual characteristics—i.e., there exist ξ1 ≠
ξ2 in supp(ξ ∣ X∗) with δ(X∗,ξk;θ) = δ∗ for k = 1, 2 and δ(x′,ξ1;θ) ≠ δ(x′,ξ2;θ)
for some x′—then the counterfactual demand curve p ↦ D(x′, p, ξ̄) at x′ is not
point-identified at any price.

Proof of part (a). Under C1, D(X∗,P∗,ξ) = Q∗ iff σ(δ(X∗,ξ;θ),P∗,X∗;θ) = Q∗, so
any ξ with δ(X∗,ξ;θ) ∈ {δ1,δ2} is consistent with the evidence. By the range
hypothesis, such ξ1,ξ2 ∈ supp(ξ ∣ X∗) exist with δ(X∗,ξk;θ) = δk; both types
produce Q∗ at P∗ but differ at p̃. Hence the identified set satisfies

I( p̃; e) ⊇ {σ(δ1, p̃,x∗;θ), σ(δ2, p̃,x∗;θ)},

which contains at least two distinct points by hypothesis.

Proof of part (b). Suppose C2 holds, so δ∗ is uniquely recovered from (Q∗,P∗,X∗).
Since δ(X∗,ξk;θ) = δ∗ for k = 1, 2, both ξ1,ξ2 are consistent with the evidence.
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At counterfactual characteristics x′, they induce distinct indices δ(x′,ξ1;θ) ≠
δ(x′,ξ2;θ). ByC2, for each p′ themap δ↦ σ(δ, p′,x′;θ) is injective, soσ(δ(x′,ξ1;θ), p′,x′;θ) ≠
σ(δ(x′,ξ2;θ), p′,x′;θ) at every p′. Hence I(x′, p′; e) ⊇ {D(x′, p′,ξ1),D(x′, p′,ξ2)}
contains two distinct points for every p′, and the counterfactual demand curve at
x′ is not point-identified anywhere. The set is sharp because δ(X∗,ξ;θ) = δ∗ with
ξ ∈ supp(ξ ∣ X∗) is both necessary and sufficient for consistency under C2.12

The non-degeneracy qualifications in Proposition 4 hold generically in the
standard discrete-choice families. For logit, nested logit, and CES, the map p↦
σ(δ, p,x;θ) is real-analytic in p for eachfixed (δ,x,θ). Define g(p) ≡ σ(δ1, p,x∗;θ)−
σ(δ2, p,x∗;θ) for distinct pre-images δ1 ≠ δ2 at (P∗,x∗). Since g is the difference of
two real-analytic functions, it is itself real-analytic. Either g ≡ 0 on the connected
price domain—in which case δ1 and δ2 are observationally equivalent at every
price and Proposition 4(a)’s “not observationally equivalent” clause fails, placing
the configuration outside the proposition’s scope—or g is not identically zero, in
which case its zeros are isolated by the identity theorem for real-analytic functions
of one variable, and the witness price exists outside a finite set in any bounded
interval.

COROLLARY 1 (Share inversion and point identification are equivalent). Under the
demand model with C1maintained, and subject to the non-degeneracy qualifications of
Proposition 4:
(a) Themarket-specific price-only demand curve qX∗,ξ̄(p) ≡ D(X∗, p, ξ̄) is point-identified

from experimental information and evidence e if and only if C2 holds.
(b) Suppose C2 holds. For a fixed x′, the counterfactual demand curve qx′,ξ̄(p) ≡

D(x′, p, ξ̄) is point-identified if and only if allξ ∈ supp(ξ ∣ X∗) satisfying δ(X∗,ξ;θ) =
δ∗ yield the same δ(x′,ξ;θ). Global C3 is sufficient for all x′ simultaneously (since it
makes the consistent set itself a singleton) but stronger than necessary for a given x′.

PROOF. Part (a). If: if C2holds, share inversion recovers δ∗ uniquely, soσ(δ∗, p,X∗;θ)
is point-identified at every p. Only if: if C2 fails, Proposition 4(a) implies (un-
der its non-degeneracy condition) that there exists a witness price p̃ and two
observationally consistent indices δ1 ≠ δ2 with σ(δ1, p̃,X∗;θ) ≠ σ(δ2, p̃,X∗;θ).
12This is why the “new product” counterfactual—predicting demand for a product that does not

yet exist—requires both C2 and C3. The new product has characteristics x′ ≠ x∗ for any existing
product, so forming δ(x′, ξ̄;θ) requires knowing ξ̄, not just δ∗. This is the additional identification
content of C3 over C2.
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Hence two distinct price-only demand curves are compatible with the evidence,
so p↦ D(X∗, p, ξ̄) is not point-identified.

Part (b) is conditional on C2. If: if all consistent ξ yield the same value δ′ ≡

δ(x′,ξ;θ), then D(x′, p, ξ̄) = σ(δ′, p,x′;θ) is point-identified at every p. Only if: if
the image is not a singleton, there exist ξ1,ξ2 in the consistent setwith δ(x′,ξ1;θ) ≠
δ(x′,ξ2;θ). SinceC2 ensuresσ(⋅, p,x′;θ) is injective at every p,σ(δ(x′,ξ1;θ), p,x′;θ) ≠
σ(δ(x′,ξ2;θ), p,x′;θ) at every p, so the curve qx′,ξ̄ is not point-identified any-
where.

In plain language, part (b) says: all latent states consistent with the observed
market must imply the same counterfactual demand index at the new character-
istics. Three distinct objects are in play. The demand system (σ,θ) is identified
from cross-market variation. The market-specific index δ∗ is recovered by in-
version (C2). When the counterfactual changes characteristics, what matters is
whether all consistent ξ yield the same demand index at the new x′—a condition
weaker than full recoverability (C3), which pins down ξ itself. For a price-only
counterfactual, δ∗ suffices. Changing price does not change δ, so σ(δ∗, p′,x∗;θ) is
point-identified. For a counterfactual that also changes characteristics, the new
index δ′ = δ(x′, ξ̄;θ) depends on ξ̄ directly, and two markets with the same δ∗ but
different ξ̄ will diverge.

Example (C2 without C3). Suppose two latent states ξ1 ≠ ξ2 satisfy δ(x∗,ξ1;θ) =
δ(x∗,ξ2;θ) = δ∗. Inversion recovers δ∗ uniquely (C2 holds), so price-only counter-
factuals σ(δ∗, p′,x∗;θ) are identical for both types. But at counterfactual charac-
teristics x′, the two states imply different demand indices: δ(x′,ξ1;θ) ≠ δ(x′,ξ2;θ).
The price counterfactual is point-identified; the characteristics-changing counter-
factual is not. This is why merger simulation for existing products can succeed
once inversion succeeds, while predicting demand for a new product requires
recoverability of the latent state, not just the demand index. (Online Appendix E
gives a fully worked numerical instance.)

In the crossing-curves example, inversion selects one demand curve from the
pair that passes through (Q∗,P∗). Berry and Haile (2014) and Berry, Gandhi, and
Haile (2013) establish sufficient conditions for this inversion; Corollary 1 shows the
conditions are also necessary. In standard discrete-choice models with connected
substitutes, σ(⋅, p,x;θ) is globally injective (Berry 1994; Berry, Gandhi, and Haile
2013), so C2 holds and price-only counterfactuals are point-identified.
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When C2 fails, the identified set widens linearly with distance from the ob-
served price (Proposition 2(b); Online Appendix C develops the geometry; Online
Appendix F computes the set in a logit system), paralleling the sharp bounds
of Mogstad, Santos, and Torgovitsky (2018) and Chesher and Rosen (2017). We
characterize demand-side identification: (Q∗,P∗,X∗) is treated as observed and
the consistent set C ≡ {ξ ∈ supp(ξ ∣ X∗) : D(X∗,P∗,ξ) = Q∗} is defined using the
demand equation alone; supply-side restrictions on ξ given P∗ can only shrink
it further. Sharpness follows by construction: I(p′; e) is the image of C under
ξ↦ σ(δ(x′,ξ;θ), p′,x′;θ), so every element has a witness ξ ∈ C by definition.

The three-step procedure applies to any structural model Y = h(δ(ε;θ),X;θ)
where the index is invertible.

5.2. Averaging at the input stage versus the output stage

In practice, θ is estimated by pooling data across markets. Generalized method of
moments (GMM) conditions E[Z′ξ] = 0 average over markets (Berry, Levinsohn,
and Pakes 1995), and estimation consistency relies on a law of large numbers
acrossmarkets. This cross-market averaging uses population variation to learn the
demand function σ(⋅;θ). But once θ̂ is in hand, each market’s δ∗ is recovered by
inversion (C2), and counterfactuals are evaluated market-by-market, D(x̄, p′, ξ̄) =
σ(δ∗, p′,x∗; θ̂). No averaging over ξ occurs at the counterfactual stage.

The experimental averagem(p′,x) averages at the output stage, since the target
itself is a population average. Structural estimation averages at the input stage.
Learning θ requires cross-market variation, but evaluation is unit by unit at the
output stage. Critics of structural estimation sometimes object that the model’s
predictions “depend on functional form.” They are right about the demand func-
tion. Its shape depends on the specification. But the market-specific content of
structural estimation is not the shape of the demand function; it is the location
of a particular market on it. That location comes from data, not from functional
form.

Estimation uncertainty in θ̂ propagates through the inversion at the standard
√
T rate but does not change the identification analysis (Remark A1 in Appendix C).

When C1–C3 are relaxed, unit-level counterfactuals (the demand curve at a specific
market’s realized conditions) are set-identified, with width governed by slope
heterogeneity as in Proposition 2(b) (Remark A2 in Appendix C).
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FIGURE 2. Causal graph for the demand model. The graph is the same whether
∂2D/∂p∂ξ = 0 or not: same nodes, same edges. Whether the experimental average
matches every market’s demand curve (Theorem 1) is a property of D, not the
graph.

6. Connection to Pearl’s Causal Hierarchy

This section maps the results of Sections 3–5 into Pearl’s (2009) structural causal
model (SCM) framework, showing that Berry inversion is Pearl’s abduction step,
that the identification gap of Section 3 is the second separation in Pearl’s causal
hierarchy, and that Pearl’s own running example sits at the knife-edge that obscures
it. The identification theorems do not require this framework, but the hierarchy
posed the question they answer.

6.1. The demandmodel as a structural causal model

The demand model of Section 2 is a structural causal model (Pearl 2009, Ch. 7).13

The exogenous variables are U = (UX,Uξ,UP), the endogenous variables are
V = (X,ξ,P,Q), and the structural functions are:

X = gX(UX),(1)

ξ = gξ(Uξ),(2)

P = gP(X,ξ,UP),(3)

Q = D(X,P,ξ).(4)

We write Q generically: in single-good examples Q ∈ R, while in differentiated-
products applications Q is the vector of market shares s ∈ ∆J. The functions gX and
gξ are unrestricted and play no role in demand estimation.

The exogenous variables are mutually independent in the standard BLP speci-
fication (Berry, Levinsohn, and Pakes 1995). The demand equation (4) is structural
13Each structural function is autonomous: it can be modified independently of the others, which

gives the do(⋅) operator its meaning.
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in the sense of Section 2: it remains invariant under interventions on P.
Two demand SCMs that share the graph of Figure 2 but differ in whether D

satisfies (AS) are graphically indistinguishable: the parent set of each variable is
the same, d-separation (Shpitser and Pearl 2006) coincides across bothmodels, and
graphical identification formulas yield the same answer regardless of functional
form. Yet by Theorem 1, the experimental averagematches everymarket’s demand
curve under the first and diverges from it under the second. No graphical criterion
can determine which case obtains.

The expressiveness boundary is the reason functional-form conditions like
(AS) and invertibility appear throughout this paper. These are properties of D that
determine whether experiments suffice, and graphs cannot express them.

6.2. Three rungs of causal knowledge

The causal hierarchy for demand has three strictly nested layers, each requiring
information unavailable at the rung below.

Rung 1 (Observation). The joint distribution L1 ≡ P(Q,P,X): correlations, con-
ditional expectations, and regressions, but not causal effects, since P and ξ are
correlated through the pricing equation.

Rung 2 (Intervention). The complete family of interventional distributions:

L2 ≡ {FQ∣do(P=p),X=x : p ∈ P, x ∈ X},

whereP ⊆ R is the price support andX is the support of observed characteristics.14

The do(⋅) operator replaces equation (3) with P = p, holding all other equations
fixed. The population mean under intervention is

m(p,x) ≡ E[Q ∣ do(P = p),X = x] = ∫ D(x, p,ξ)dFξ∣X=x(ξ),

which is precisely the experimental averagem defined in Section 3 (Definition 2).
14“Knowing L2” means knowing the full conditional distribution of Q given do(P = p) and X = x,

for every (p,x) in the support—not merely the conditional mean or a finite collection of moments.
This is the strongest possible Rung 2 assumption. Our impossibility results hold a fortiori when
only partial Rung 2 information is available.
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Rung 2 answers population questions: what is the distribution of quantity
demandedwhenprice is set to p? Randomized experiments, valid instruments, and
do-calculus all target Rung 2 objects.15Whether identification comes from random
assignment, instrumental variables, or a selection correction, the identified object
is still a population average over latent types. Reaching Rung 3 from Rung 2
requires the structural function D and the abduction step.

Rung 3 (Counterfactual). The unit-level counterfactual response function:

L3 ≡ {Qp(u) : p ∈ P, u ∈ U}, Qp(u) = D(gX(uX), p, gξ(uξ)).

For a specific market u, Qp(u) is the quantity demanded at price pwhen all exoge-
nous variables are held at their realized values, deterministic given u. The demand
curve is p↦ Qp(u) for a fixed u, which is qx̄,ξ̄(p) from Definition 1.

PROPOSITION 5 (The demand curve is a Rung 3 object). The ceteris paribus demand
curve qx̄,ξ̄(p) is a Rung 3 object, the unit-level counterfactual Qp(u) for a market with
realized conditions (x̄, ξ̄). The experimental average m(p,x) is a Rung 2 object. It
integrates Qp(u) over the population distribution of market conditions.

PROOF. By equations (1)–(4), Qp(u) = D(gX(uX), p,gξ(uξ)). Fixing u fixes (x̄, ξ̄),
so p ↦ Qp(u) is qx̄,ξ̄(p). Since Qp(u) depends on u, it is a Rung 3 quantity. The
experimental averagem(p,x) = E[Qp(u) ∣ X = x] integrates over u and is therefore
Rung 2.

Pearl (2023) notes that the econometric literature lacks a formal definition of
counterfactuals in terms of structural equations. Proposition 5 supplies one for
demand.16

15Do-calculus (Pearl 2009) derives interventional distributions from observational data and a
causal graph; its identification algorithms are complete for Rung 2 queries (Shpitser and Pearl
2006). In the potential outcomes framework (Rubin 1974), Rung 2 knowledge is equivalent to
knowing the marginal distributions of potential outcomes Y(p) under all treatment values.
16The demand curveQp(u) holds the pricing equation fixed at P = p but keeps all other structural

equations intact; in particular, the exogenous ξ is unchanged. A policy counterfactual (e.g., a price
floor) may replace the pricing mechanism itself—a distinct intervention from do(P = p). The
demand counterfactual is the building block for policy analysis; composing it with a modified
pricing mechanism is a separate step.
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6.3. The hierarchy is strict

The first separation (L1 /⇒ L2) is the standard identification problem: P is corre-
lated with ξ through the pricing equation, and instruments or randomization are
needed to recover Rung 2 objects from Rung 1 data (Berry and Haile 2021).

The second separation (L2 /⇒ L3) is the identification gap of Sections 3–4 trans-
lated into Pearl’s language. Complete knowledge of all interventional distributions
does not determine unit-level counterfactuals because a single equilibrium obser-
vation (Q∗,P∗,X∗) does not reveal which latent state ξ̄ generated it.Multiple values
of ξ are consistent with both the evidence and L2. Proposition 1 demonstrates
that this gap is structural.

The general Causal Hierarchy Theorem (Bareinboim et al. 2022) establishes
these separations for generic SCMs. Our proofs are self-contained and specific to
demand, yielding exact conditions for when the gap vanishes (Theorem 1) and
when it can be bridged (Theorem 2). The underlying structure is a marginals-
versus-joint distinction: L2 specifies the distribution of Q under each do(P = p)
separately, but the demand curve concerns a single market’s response across all
prices simultaneously.

6.4. Share inversion as abduction

In Pearl’s framework,moving fromRung 2 toRung 3 requires three steps: abduction
(update beliefs aboutU given evidence), action (set the intervention), and prediction
(evaluate the outcome). Theorem 2 is exactly this procedure, in two variants. For a
price-only counterfactual: recover δ∗ via C1–C2 (abduction), replace the pricing
equation with P ← p′ (action), and evaluate σ(δ∗, p′,X∗;θ) (prediction). For a
characteristics-changing counterfactual: recover ξ̄ via C1–C3 (abduction), form
δ′ = δ(x′, ξ̄;θ), and evaluate σ(δ′, p′,x′;θ) (prediction). The language is different;
the objects are the same.

6.5. Pearl’s linear example as the knife-edge

Pearl (2009) poses three queries on the supply-demand model. His running ex-
ample uses linear demand with additive errors: Q = aP + bξ. This model satisfies
(AS): the derivative ∂Q/∂p = a does not depend on ξ. The Rung 2 slope already
equals every market’s slope, so the derivative gap vanishes. Pearl’s own framework
predicts this: the gap is zero precisely when (AS) holds, and linear demand with
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TABLE 1. Correspondence between Pearl’s SCM framework and structural demand
estimation.

Pearl’s SCM Structural econometrics This paper

Unit u Entity with realized ε Market with (Xt,ξt)
Yx(u) g(x̄, ε̄) D(x̄, p, ξ̄)
Rung 2 (L2) LATE, population averages Experimental demand responses
Rung 3 (L3) MTE, unit counterfactual Market-specific demand curve
p↦ Qp(u) Unit response function Ceteris paribus demand qx̄,ξ̄(p)
Abduction (price-only) Recover ε from data Berry inversion: recover δ∗
Abduction (char-changing) Recover ε from data Recover ξ̄ via C1–C3
Prediction Evaluate g(x̄, p′, ε̄) Evaluate σ(δ∗, p′,X∗;θ)

The table maps SCM objects into the languages of structural econometrics and demand
estimation. LATE = local average treatment effect; MTE = marginal treatment effect. The key rows
are Rung 2 (what experiments deliver: population averages), Rung 3 (what counterfactuals require:

market-specific objects), and abduction (how structural estimation bridges the gap: Berry
inversion recovers δ∗ from observed shares, the same step Pearl calls abduction).

additive errors is the leading case of (AS). The gap that motivates the present paper
does not appear in Pearl’s running example because the running example satisfies
exactly the knife-edge condition that eliminates it.

Table 1 summarizes the correspondence.

7. Quantitative Illustration

The experimental approach identifies the average response to a price intervention
across markets; the policy problem requires the response of this market at its
realized demand conditions. How large is the difference in a workhorse demand
model? We compare two markets that share the same prices but differ in unob-
served quality ξ1, first at fixed prices (isolating the derivative mismatch) and then
in Bertrand equilibrium (where the mismatch translates into different predicted
merger price effects).

Consider a market with J = 2 products and an outside good ( j = 0). Let the
random coefficient on price be αi = exp(µα + τανi) with νi ∼ N(0, 1), µα = 0,
τα = 0.5, and let εi j be i.i.d. Type I extreme value. We compare two markets that
differ only in ξ1. Two regimes are distinguished below: fixed-price comparisons
(holding p = (2.0, 1.5) across markets) and Bertrand equilibrium outcomes (where
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prices are endogenous).
Market A. δ = (1.0, 0.5), p = (2.0, 1.5). Product 1 has relatively low unobserved

quality (ξ1 is low) and commands a market share of sA1 ≈ 0.21. Product 2 has
sA2 ≈ 0.20. The outside good share is 0.60.

Market B. δ = (2.0, 0.5), p = (2.0, 1.5). Same prices, same product 2, but
product 1 has higher unobserved quality (δ1 = 2.0 instead of 1.0). Product 1’s share
rises to sB1 ≈ 0.39; product 2’s falls to s

B
2 ≈ 0.14.

The own-price derivatives and elasticities differ across markets despite identi-
cal prices:

Market A (δ1 = 1.0) Market B (δ1 = 2.0)

s j ∂s j/∂p j s j ∂s j/∂p j

Product 1 0.21 −0.14 0.39 −0.20
Product 2 0.20 −0.14 0.14 −0.12
Outside 0.60 — 0.47 —

Product 1’s own-price derivative is about 51% larger in magnitude in Market B
than Market A at identical prices. Higher ξ1 shifts product 1’s market share, chang-
ing the composition of marginal consumers and the weighted average of αi in the
derivative—∂2σ1/∂p1 ∂ξ1 ≠ 0, the separability failure of Theorem 1.

The fixed-price comparison isolates the derivative mismatch. What begins as
a difference in price derivatives propagates through the Bertrand equilibrium and
becomes a difference in predicted merger effects; Table 2 reports equilibrium
outcomes. ConsiderMarkets A and B, plus a “midpoint”market at δ1 = 1.5. Suppose
products 1 and 2 merge. Standard Bertrand merger simulation (Nevo 2000) solves
the merged firm’s first-order conditions, which depend on diversion ratios and
own-price derivatives—objects that vary with ξ.

The key driver is the diversion ratio from product 2 to product 1 (Farrell and
Shapiro 2010). As Conlon and Mortimer (2021) emphasize, diversion varies with
the counterfactual scenario, making it inherently a Rung 3 object. In Market B,
product 1’s high unobserved quality (δ1 = 2.0) attracts a larger customer base
(s1 = 0.35), so a price increase on product 2 diverts more consumers to product 1.
The diversion ratio is 0.39, versus 0.29 in Market A. The merged firm internalizes
this diversion, raising product 2’s price by about 71% in Market B versus 36%

25



TABLE 2. Merger price effects across markets that differ only in ξ1.

Market A Market B Pop. avg. Ratio
(δ1 = 1.0) (δ1 = 2.0) (δ1 = 1.5) B/A

Share, product 1 (s1) 0.23 0.35 0.29 1.5
Own-price elasticity (ε11) −1.20 −1.16 −1.18 1.0
Diversion ratio (2→ 1) 0.29 0.39 0.35 1.4
Merger ∆p2 +36% +71% +51% 2.0
Consumer surplus change −21% −21% −21% 1.0

Notes. Random-coefficients logit with J = 2 and an outside good. αi ∼ Lognormal(0, 0.25),
100, 000 simulation draws. Pre-merger: two single-product Bertrand firms. Post-merger:
common ownership of both products. Markets differ only in the unobserved quality of
product 1 (ξ1, absorbed into δ1); marginal costs are identical. Marginal costs calibrated so
that the population-average market (δ1 = 1.5) has equilibrium prices p = (2.0, 1.5).

in Market A—a factor-of-two difference driven entirely by unobserved demand
conditions.

Ananalyst limited to experimental estimates knowsE[σ(δ, p)] andE[∂σ/∂p(δ, p)]
as functions of p, but not any market’s δ∗. To quantify the experimental bench-
mark, let δ1 ∼ N(1.5, 0.52), so that the population distribution has the samemean as
themidpointmarket but allows continuous variation in unobserved quality.17 Plug-
ging population-average shares and Jacobians into the merged firm’s first-order
conditions yields a single prediction of 47% for every market (distinct from the
+51% in Table 2, which evaluates at the population-mean δ rather than averaging
the formula’s inputs17)—overstating the true effect in Market A by 11 percentage
points and understating it in Market B by 24 percentage points. The error is not
estimation noise: σ is nonlinear in δ, so averaging over δ before evaluating the
merger formula produces a prediction that corresponds to no actual market.

Online Appendix D reports sensitivity analysis varying δ1 from 0.5 to 2.5. The
structural merger prediction ranges from 24% to 95%, a factor of 3.9, while the
experimental prediction remains 47% throughout. The bias scales approximately
linearly with the distance between the market’s realized δ∗ and the population
mean: Proposition 2(b) applied to the merger formula.

17The choice of distribution is for illustration. The experimental benchmark E[σ(δ, p)] is a
Rung 2 object: it averages over δ1 before evaluating the merger formula. The midpoint market
(δ1 = 1.5) evaluates the formula at E[δ1], a Rung 3 object. These two objects differ whenever σ is
nonlinear in δ.
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The fixed-price comparison is Theorem 1 made visible: two markets at the
same price have different derivatives because ξ enters the share function nonlin-
early, violating (AS). The Bertrand comparison is Corollary 1 made consequential:
recovering δ∗ by inversion pins down the derivative at the realized market. The
merger formula is the same in both cases. What differs is which demand curve
supplies its inputs. The risk is not the wrong formula, but the wrong demand
curve—and the distance between them is a factor of two.

8. Discussion

Taken together, Theorems 1 and 2 answer the question posed in the introduction.
When is the interventional question enough, and when must the counterfactual
one be asked? Pearl’s challenge and economists’ objections turn out to be compati-
ble. The third question is genuinely different, and answering it requires functional-
form restrictions that graphs cannot encode (Imbens 2020, 2022; Heckman and
Pinto 2024).

Market-specific structural estimation and valid instruments are complements,
not substitutes. Valid instruments identify the demand system; inversion identifies
a market’s position on it. Share inversion is an identification requirement, not
a computational trick. The conditions under which it succeeds are exactly the
conditions for market-specific counterfactuals to be point-identified. The relevant
conditions (additive separability, invertibility, recoverability) are properties of the
structural functions that no graphical criterion can express.

Table 3 maps canonical applied exercises to their identification requirements.
The dividing line is whether the counterfactual changes product characteristics.

REMARK 1 (Entry, exit, and product-set changes). Conditions C1–C3 characterize
identification when counterfactuals change characteristics within a fixed product set.
Genuine entry—a product absent from the baseline market—introduces a latent com-
ponent ξnew that no baseline observation can recover: C3 pins down ξ̄ for observed
products but cannot supply ξnew. Standard new-product exercises impose distributional
assumptions on the entering product’s unobservable or set it by calibration. These are
maintained assumptions beyond C1–C3, not consequences of identification.

Appendix A extends the remaining results to the multi-product setting and
verifies that every standard discrete-choice system violates (AS). The invertibility
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TABLE 3. Identification conditions for canonical IO exercises.

Exercise Conditions Reason

Merger simulation (existing products) C1–C2 Products unchanged; merged firm reprices,
so δ∗ from inversion suffices.

Tax pass-through C1–C2 Tax shifts marginal cost; demand evaluated
at new price with same product characteris-
tics.

Welfare (CS at counterfactual price) C1–C2 Consumer surplus integrates the demand
curve over prices, holding characteristics
fixed.

New-product introduction C1–C3+ Changing characteristics within a fixed J-
product market requires the latent state, not
just the index. Genuine entry requires addi-
tional assumptions (Remark 1).

Product repositioning / quality change C1–C3 Existing product changes characteristics; the
new demand index depends on ξ̄ directly.

Merger with divestiture C1–C3+ Repositioning existing products requires ξ̄;
genuine product exit requires additional as-
sumptions (Remark 1).

C1 = demand system identified from cross-market variation. C2 = invertibility (Berry inversion
recovers δ∗). C3 = recoverability (ξ̄ pinned down from δ∗). Exercises above the line change prices
only; those below change product characteristics and require the additional step of recovering the

latent state.

condition is ensured by the Berry, Gandhi, and Haile (2013) connected-substitutes
conditions, which require every product to connect to the outside good through
a chain of strict substitution. The gap is not specific to demand.18 In treatment
effects, the LATE (Imbens and Angrist 1994) is a Rung 2 object (a population
average over compliers) and theMTE at a given value of the unobserved resistance
is Rung 3 (deterministic conditional on the selection index, under the standard
Heckman and Vytlacil 2005 model). Mogstad and Torgovitsky (2018, 2024) show
that extrapolation requires structural restrictions on how effects vary with the
unobserved margin, the treatment-effects analogue of our separability conditions.
18Other parallels include production function estimation, where firm-specific productivity is

the latent state and cross-firm regressions deliver Rung 2 averages but the production function at a
specific firmrequires inverting the production function; dynamic discrete choice (Rust 1987),where
the value function at a specific agent’s unobserved state is Rung 3; the sufficient statistics approach
(Chetty 2009), which succeeds when the relevant elasticities are Rung 2 objects; transportability
(Bareinboim and Pearl 2014), where applying estimates to a newmarket requires abducting the
target’s latent state; macroeconomic policy (Caravello, McKay, and Wolf 2024), where identified
monetary shocks pin down near-term counterfactuals but structure is needed to extrapolate to
persistent policy changes; and Wu and Wang (2026), who independently classify treatment effect
estimands within the hierarchy.
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The hierarchy also clarifies when demand estimates transport across markets.
Suppose the demand system σ(⋅;θ) is identified frommarket A. A regulator wants
to predict themerger price effect inmarket B. The demand function is portable—it
is Rung 2 knowledge, common across markets. But evaluating it at B’s demand
conditions requires abducting B’s latent state: inverting B’s observed shares to
recover δ∗B. Without B’s data, the regulator is limited to the population-average
demand response, which corresponds to no actual market in B. The calibration
of Section 7 quantifies the cost: the population-average prediction understates
the true merger effect in the high-quality market by 24 percentage points and
overstates it in the low-quality market by 11 percentage points. The informational
cost of moving from Rung 2 to Rung 3 is one market-level observation—the target
market’s (Q∗,P∗,X∗)—not a new experiment.

The practical upshot is a diagnostic. A researcher who inverts for δ∗ is per-
forming abduction whether or not she uses the term. If demand satisfies (AS), the
inversion is unnecessary for derivatives. If it does not, there is no shortcut.

Proposition 3makes the first check operational. Two concrete procedures cover
the main cases. (i)Homogeneous goods. Estimate D(p,x,ξ) semiparametrically and
test whether the price derivative ∂D/∂p varies with unobservables—a standard
heterogeneity-in-slopes test. If the slope is constant across markets, (AS) is not
rejected. If it varies, the magnitude of variation measures the severity of the (AS)
violation. (ii) Differentiated products. After inverting shares to recover δ∗ in each
market, compute the own-price derivative ∂σ j/∂p j at each market’s recovered
δ∗. Under (AS), these derivatives would be identical across markets, since ∂σ/∂p
would not depend on δ. In practice, they vary—Proposition 3 applied to data. The
cross-market dispersion in own-price derivatives is a direct measure of how far
demand departs from separability, and hence howmuch the Rung 2–3 gap costs.

Structural econometrics has always been a defense of functional form as a
tool for counterfactual reasoning. As the exchange between Angrist and Pischke
(2010) and Nevo andWhinston (2010) illustrates, eachmerger’s demand conditions
differ enough that average causal estimates cannot stand in for themarket-specific
counterfactual. This paper shows the defense is necessary. Without it, the market-
specific demand curve is not point-identified from population data alone.
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Appendix A. Multi-Product Formalization

Theorem 1 is stated for vector-valued demand. This appendix verifies that each
standard discrete-choice demand system violates (AS), and extends the remaining
main-text results to the multi-product setting.

Setup

J differentiated products compete for a population of consumers. Market shares
are s = (s1, . . . , sJ) ∈ ∆J, the interior of the J-simplex (with an outside good share
s0 = 1 − ∑ j s j > 0). Prices are p = (p1, . . . , pJ) ∈ R

J
+
, observed characteristics are

x = (x1, . . . ,xJ) ∈ RJ×K, and unobserved demand shocks are ξ = (ξ1, . . . ,ξJ) ∈ RJ.
The demand function is the vector-valued share function

s = σ(δ, p,x;θ), σ : RJ ×RJ ×RJ×K → ∆J,

where δ = (δ1, . . . ,δJ) ∈ RJ is the vector of mean utilities, with δ j = δ j(x j,ξ j;θ). In
the BLP framework, δ j = x′jβ+ξ j (the additive index), but the results below require
only injectivity of ξ↦ δ(x,ξ;θ), not the specific functional form.

Separability failure in scalar models

The δ-dependence of the price derivative is visible in every standard special case.
In the homogeneous logit (αi = ᾱ for all i), the own-price derivative and cross-price
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derivative are

∂σ j
∂p j
= −ᾱ σ j(1 − σ j),

∂σ j
∂pk
= ᾱ σ jσk, j ≠ k,

both of which depend on shares (σ j,σk) and hence on δ. Even without taste het-
erogeneity, the nonlinearity of the logit choice probability creates the interaction
between δ and the derivative that Theorem 1(b) characterizes.

In the CES model, with σ j ∝ (δ j/p j)η, the own-price elasticity is −η(1 − σ j),
which depends on σ j and hence on δ.

In the nested logit, products are partitioned into nests g = 1, . . . ,G, with within-
nest correlation parameter λg ∈ (0, 1]. Shares take the form

σ j =
exp(δ̃ j/λg)

D1−λgg ⋅ (1 +∑g′ D
λg′

g′ )
, Dg ≡ ∑

k∈g
exp(δ̃k/λg),

where δ̃ j = δ j −αp j. The own-price derivative is

∂σ j
∂p j
= −

α

λg
σ j(1 − (1 − λg)σ j∣g − λg σ j),

where σ j∣g = exp(δ̃ j/λg)/Dg is the within-nest share. This derivative depends on
both σ j∣g and σ j, which shift with δ. Even at fixed prices, two markets with dif-
ferent ξ have different within-nest compositions and hence different own-price
sensitivities. The cross-price derivative similarly depends on whether products j
and k are in the same nest, creating a δ-dependent substitution matrix.

For any structural function Y = g(X,P,ξ), condition (AS) requires ∂2g/∂p∂ξ = 0.
In every model above, the demand function is nonlinear in ξ (through δ) in a way
that interacts with p, so the cross-partial is generically nonzero.

Theorem 2 (vector version)

Recovering themarket-specific δ∗ requires inverting the share system. In themulti-
product case, this inversion solves a system of J nonlinear equations, mapping
observed share vectors to mean-utility vectors. The three conditions generalize to:
(C1′) Index structure. s = σ(δ(x,ξ;θ), p,x;θ) with δ : RJ×K ×RJ → RJ.
(C2′) Global invertibility. For each (p,x), the map δ↦ σ(δ, p,x;θ) is a bijection
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from RJ to the range of σ.
(C3′) Recoverability. ξ↦ δ(x,ξ;θ) is injective for each x.

In the scalar case (J = 1), invertibility of σ(⋅, p,x;θ) in δ follows from mono-
tonicity whenever ∂σ/∂δ > 0. In the multi-product case, local invertibility (non-
singularity of the Jacobian ∂σ/∂δ′) does not imply global invertibility: a locally
invertible map from RJ to RJ need not be globally injective when J > 1.

Berry, Gandhi, and Haile (2013) establish global invertibility under “connected
substitutes,”which requires two conditions: (i) the Jacobian∂σ/∂δ′ satisfies∂σ j/∂δ j >
0 (own effect) and∂σ j/∂δk ≤ 0 for j ≠ k (substitutes), and (ii) the substitution pattern
is connected in the sense that for any partition of products into two groups, at least
one product in each group is a substitute for some product in the other group.19

Under connected substitutes, the map δ ↦ σ(δ, p,x;θ) is globally invertible for
each (p,x), so that abduction δ∗ = σ−1(s∗, p∗,x∗;θ) has a unique solution.

The proof is identical to Theorem 2, with σ−1 applied to the share vector rather
than a scalar quantity.

Appendix B. Regularity Conditions

We collect the regularity conditions referenced in the main text.

ASSUMPTION A1 (Differentiability). The demand function D(x, p,ξ) is continuously
differentiable in p for each (x,ξ).

ASSUMPTION A2 (Dominated convergence). For each x ∈ X and each compact K ⊂
P, there exists an integrable function M(ξ) with E[M(ξ) ∣ X = x] < ∞ such that
∣∂D(x, p,ξ)/∂p∣ ≤M(ξ) for all p ∈ K and ξ in the conditional support of ξ ∣ X = x. This
ensures differentiation under the expectation is justified.

ASSUMPTION A3 (Non-degenerate heterogeneity). Var(ξ ∣ X = x) > 0 for all x ∈ X.20

ASSUMPTION A4 (Support richness). The price support P is an interval in R. The
support of ξ conditional on X = x is connected and contains at least two distinct points.
In the multi-product setting, the price support is an open connected subset of RJ.
19Formally, the matrix −(∂σ/∂δ′)−1 has all non-negative entries (an M-matrix property). See

Berry, Gandhi, and Haile (2013), Theorem 1 and Corollary 1, for the precise statement and proof.
20This rules out the degenerate case ξ = ξ̄ a.s., under which the abduction step is trivial (δ∗

uniquely determines ξ̄) and Proposition 4(b) has no bite. Non-degeneracy ensures C3 is a genuinely
binding restriction.
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ASSUMPTION A5 (Invertibility regularity). In the multi-product setting, σ(⋅, p,x;θ)
is continuously differentiable in δ, and the Jacobian ∂σ/∂δ has full rank on the relevant
domain.

Proof of Proposition 2

(a) Define∆(p) ≡ D(p,ξa)−D(p,ξb). By (i),∆(P∗) = 0 and∆′(P∗) ≠ 0. By continuity
of ∆′, ∆ is strictly monotone on a neighborhood of P∗, so ∆(p′) ≠ 0 for p′ in a
punctured neighborhood of P∗.

The function m(p,x) = E[D(p,ξ) ∣ X = x] is a population average that does
not depend on any particular market’s ξ. Both ξa and ξb receive positive weight
by (ii) and both produce Q∗ at P∗ by (i), so complete knowledge of m cannot
determine which generated the observed evidence. The identified set I(p′; e)
contains {D(p′,ξa),D(p′,ξb)}, which are distinct.

(b) Taylor-expandD(p′,ξk) aroundP∗ for k ∈ {a,b} and subtract.UsingD(P∗,ξa) =
D(P∗,ξb) from (i), the zeroth-order terms cancel and the leading term of ∆(p′) is
[D′p(P∗,ξa) −D′p(P∗,ξb)](p′ − P∗). Condition (ii) is used only in part (a).

Appendix C. Identification Content of Each Condition

Conditions C1–C3 correspond to the identification conditions of Berry and Haile
(2014). Each serves a specific role in the Rung 2–3 transition. C1 reduces the di-
mensionality of abduction. C2 ensures the solution is unique. C3 decomposes the
recovered index when the counterfactual changes characteristics. Without any
one, abduction fails or delivers an ambiguous answer.

C1 (Index structure).All demand-relevant unobservables enter through afinite-
dimensional index δ. Without C1, ξ could affect demand through an arbitrary,
high-dimensional pathway,making recovery of ξ̄ ill-posed.21 The index restriction
says that there is a finite-dimensional sufficient statistic δ for the unobservables.
In BLP, δ j = x′jβ + ξ j (mean utility net of price); the vector of unobserved product
qualities is summarized in δ. Note that σmay depend on (p,x) separately from
δ; the index restriction is about how ξ enters, not about whether σ has other
arguments.
21In statistical language, C1 says that δ is a sufficient statistic for ξ in the demand function, so

Q = σ(δ, p,x;θ) does not depend on ξ except through δ. This is the “index sufficiency” condition
of Berry and Haile (2014), restated. Without it, the mapping from observables to latent states has
infinite-dimensional fibers.
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Index structure is forced by the identification problem, not imposed as a mod-
eling convenience. The index constructed below recovers the role of the conven-
tional mean utility δ.

PROPOSITION A1 (Index structure is necessary for counterfactual identification).
Fix a reference price p○ ∈ P. Let D∶X×P×Ξ→ RJ satisfy: for every x ∈ X, every p, p′ ∈ P,
and every ξ1,ξ2 ∈ Ξ,

D(x, p,ξ1) = D(x, p,ξ2) ⇒ D(x, p′,ξ1) = D(x, p′,ξ2).

Define δ(x,ξ) ≡ D(x, p○,ξ). Then:
(a) (Index structure.) There exists a function H on the image of δ such that

D(x, p,ξ) = H(δ(x,ξ), p, x).

(b) (Unique recovery.) For any observation (x,P∗,Q∗)with Q∗ = D(x,P∗, ξ̄), the index
δ(x, ξ̄) is uniquely determined by (x,P∗,Q∗).

PROOF. For (q, p,x) with q in the image of ξ ↦ D(x, p○,ξ), define H(q, p,x) ≡
D(x, p,ξ) for any ξ satisfying D(x, p○,ξ) = q. The hypothesis (applied with p○ and
p)makes this well-defined: if ξ1,ξ2 both satisfyD(x, p○,ξi) = q, they yield the same
demand at every p. By construction, D(x, p,ξ) = H(δ(x,ξ), p,x), establishing (a).

For (b), any two ξ̄ consistent with (x,P∗,Q∗) satisfy D(x,P∗, ξ̄1) = D(x,P∗, ξ̄2) =
Q∗; applying the hypothesis with P∗ and p○ gives D(x, p○, ξ̄1) = D(x, p○, ξ̄2). So
δ(x, ξ̄) is pinned down by the observation.

A sufficient condition for the hypothesis of Proposition A1 is that demand
factors through an index whose level sets the share function reads injectively: if
D(x, p,ξ) = σ(δ(x,ξ), p,x) and, for every (p,x), the map δ ↦ σ(δ, p,x) is injec-
tive, then D(x, p,ξ1) = D(x, p,ξ2) implies δ(x,ξ1) = δ(x,ξ2), which propagates
equality to every p′. This covers the standard logit, nested logit, and BLP random-
coefficients models by share inversion (Berry 1994; Berry, Gandhi, and Haile 2013):
equality of shares at one (x, p) implies equality of the mean-utility index, which
then implies equality of shares at every p′. The CES model satisfies the hypothesis
for a different reason: equality of shares at one price pins down the normalized
taste/quality ratios, and those ratios determine shares at every price.

The proposition is set-theoretic; under additional smoothness and rank con-
ditions on D, the factorization is smooth on the regular set. Combined with The-
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orem 2, this gives the exact identification boundary: price-only counterfactuals
are generically point-identified if and only if demand has index structure and the
index is uniquely recoverable (C1–C2); characteristics-changing counterfactuals
require, in addition, recoverability of the latent state (C3). The conditions are not
maintained assumptions but consequences of what point identification demands.

Every standard demand system—logit, nested logit, random coefficients, CES—
satisfies C1 by construction. Scalar monotonicity models also satisfy C1, with ξ

itself as the index. Proposition A1 shows that this is not a modeling convenience:
any demand function that admits market-specific counterfactuals from a single
observation must factor through a finite-dimensional index.

C2 (Invertibility) ensures abduction has a unique solution. Given observed
shares s∗, prices p∗, and characteristics x∗, the equation s∗ = σ(δ, p∗,x∗;θ) pins
down δ uniquely. Without invertibility, multiple latent states are consistent with
the data, and the unit-level counterfactual is not point-identified. Berry (1994)
established invertibility for the multinomial logit; Berry, Gandhi, and Haile (2013)
provided general conditions (“connected substitutes”) under which the share
function is globally invertible.

The crossing-curves example of Proposition 1 illustrates: two demand functions
pass through (Q∗=3,P∗=3), and without C2 the identified set for counterfactual
demand at p′ = 4 is {0, 2}—a two-point set spanning a width of 2.

In the simple logit with homogeneous price coefficient α, the inclusivemean
utilities δ̃ jt ≡ δ jt − αp jt satisfy δ̃ jt = log s jt − log s0t. Under our convention δ jt =

x′jtβ+ξ jt (net of price), abduction recovers δ jt = log s jt − log s0t +αp jt given α. The
logit share function is strictly monotone in each δ j (holding other δk fixed), so the
inversion is globally unique—C2 holds by construction.22 In random-coefficients
models, the inversion remains well-defined but is not closed-form.

C3 (Recoverability) separates the recovered index δ into its observed and un-
observed components. Berry and Haile’s (2014) baseline uses the additive (“linear
index”) form δ(x,ξ;θ) = x′β + ξ, but they emphasize that the key requirement is
injectivity of ξ ↦ δ(x,ξ;θ), which allows nonseparable indices provided mono-
tonicity in ξ holds. Once δ∗ is obtained by inversion (C2), recoverability yields
22For the logit, ∂σ j/∂δ j = σ j(1 − σ j) > 0 on the interior of the simplex. This ensures local invert-

ibility. The closed-form inversion δ̃ j = log s j − log s0 establishes global invertibility directly. In the
BLP random-coefficientsmodel, global invertibility is guaranteed by the connected-substitutes con-
ditions of Berry, Gandhi, and Haile (2013); the inversion is numerical (typically via the contraction
mapping of Berry, Levinsohn, and Pakes 1995).
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ξ̄ = r(δ∗,x∗;θ).Without C3, we recover the composite δ but cannot isolate ξ, which
is needed to evaluate counterfactuals that change x while holding ξ fixed. For
price-only counterfactuals (holding x fixed), C3 is not needed: δ∗ itself suffices,
sinceD(x̄, p′, ξ̄) = σ(δ∗, p′,x∗;θ). C3 becomes essential when counterfactuals also
change product characteristics.

REMARK A1 (Estimation uncertainty). If θ̂T → θ0 at rate
√
T (standard GMM asymp-

totics), then by continuity of σ−1 the recovered δ̂∗t = σ−1(s
∗

t ,P
∗

t ,X
∗

t ; θ̂T) is consistent for
δ∗t . If, in addition, σ is continuously differentiable in (δ,θ) and the Jacobian ∂σ/∂δ is
nonsingular on the relevant domain (Assumption A5 in the multi-product case, with the
scalar analogue when J = 1), then σ−1 is locally differentiable by the inverse function
theorem, and the counterfactual Q̂p′(u) = σ(δ̂∗t , p′,X

∗

t ; θ̂T) inherits the
√
T rate by

the delta method. Estimation uncertainty in θ̂ propagates through the inversion, but it
does not change the identification analysis: the hierarchy classification depends on the
population objects (σ,θ0), not on their estimators.

REMARK A2 (Partial identification without C1–C3). When C1–C3 are relaxed, unit-
level counterfactuals are generally not point-identified but can be bounded. Without C2
(invertibility), multiple δ values rationalize observed shares, generating an identified set
for counterfactual shares whose width grows linearly with the distance from the observed
price at a rate proportional to slope heterogeneity (Proposition 2(b); Online Appendix C).
Without C1 (index structure), the dimensionality of ξ exceeds what the data can pin
down. These bounds connect to the partial identification literature (Molinari 2020;
Pakes et al. 2015; Christensen and Connault 2023) and to Chen’s (2025) observation that
relaxing counterfactual homogeneity forecloses point-identification.

Appendix D. Elasticity Gap and Reduced-Form Estimates

In discrete-choice models, the relevant objects are own-price elasticities:

COROLLARY A1 (Elasticity version of the gap). Suppose D(x, p,ξ) > 0 on the relevant
domain and define the own-price elasticity η(x, p,ξ) ≡ ∂D

∂p (x, p,ξ) ⋅
p

D(x,p,ξ) . Then the
population-average elasticity equals every market’s unit-level elasticity,

E[η(x, p,ξ) ∣ X = x] = η(x, p, ξ̄) for all ξ̄, p,

if and only if η(x, p,ξ) does not depend on ξ: there exists η̃(x, p) such that, for each
(x, p), η(x, p,ξ) = η̃(x, p) for all ξ in the support of ξ ∣ X = x.
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PROOF. (⇐) If η(x, p,ξ) = η̃(x, p) for all ξ in the support, then E[η ∣ X = x] =
η̃(x, p) = η(x, p, ξ̄) for all ξ̄. (⇒) The argument is identical to Theorem 1(a) with
η replacing D: if E[η ∣ X = x] = η(ξ̄) for all ξ̄, then η is constant in ξ on the
support.

The corollary reveals a subtlety: even when the derivative gap closes, the elas-
ticity gap remains. Under (AS), ∂D/∂p is ξ-free, but η = (∂D/∂p) ⋅ p/D depends
on ξ through the denominator D. Two markets with the same slope but different
demand levels have different elasticities. Population-average elasticities therefore
generically differ from unit-level elasticities even under (AS).

COROLLARY A2 (When reduced-form estimates are informative). The average
derivative ∂m

∂p (p,x)—identifiable from experiments or valid instruments—equals every
market’s demand slope if and only if (AS) holds.

When (AS) fails, a reduced-form researcher who estimates the average price
effect via an experiment or instrument is estimating ∂m/∂p, which does not coin-
cide with the slope any specific market faces. If the same market is observed at
multiple exogenously assigned prices while ξ remains fixed, the demand curve is
directly estimable and the recovery problem is moot. In the typical BLP setting,
where each market-product cell is observed once, no such panel shortcut applies.
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Online Appendix: Abduction and the Demand Curve
Brian C. Albrecht James Traina

April 2026

This online appendix collects applications, worked examples, proofs, and con-
nections to recent literature that supplement the results in the main text. Cross-
references to main-text theorems, propositions, and equations use the numbering
from the main text.

OA.A. Policy Applications as Rung 3 Problems

Pass-through, merger simulation, and consumer surplus all require the demand
curve at a specific market’s latent state, not an average across markets. These are
equilibrium counterfactuals (Remark 16) that use the demand counterfactual as
an input.

Pass-through. Consider an excise tax τ imposed on a single-good market with
demand Q = D(p,ξ) and inverse supply P = S(Q) + τ. The pre-tax equilibrium
satisfies Q∗ = D(P∗, ξ̄) and P∗ = S(Q∗). The post-tax equilibrium solves Q = D(P, ξ̄)
and P = S(Q) + τ. By the implicit function theorem, equilibrium pass-through is

ρ(ξ̄) ≡
dP∗

dτ
=

1
1 − S′(Q∗) ⋅ ∂D(P∗, ξ̄)/∂P

,

evaluated at the realized latent state ξ̄. The derivative ∂D/∂P is market-specific
whenever demand is not additively separable. Substituting E[∂D/∂P ∣ X] into
the pass-through formula yields ρ(E[D′]), which generally differs from both the
market-specificpass-throughρ(D′(ξ̄)) and the truepopulation-averagepass-through
E[ρ(D′(ξ)) ∣ X].1

Return to the crossing-curves example. Suppose inverse supply is P = S(Q) = Q
(slope S′ = 1). The two markets share the same pre-tax equilibrium (P∗ = 3,Q∗ = 3)
but have different demand slopes:
The Rung 2 policymaker, who knows E[∂D/∂P] = −2 but not the realized type,
computes pass-through of 1/3. If the market is actually type ξ1, the true pass-

1As Berry and Haile (2021, p. 11) note, “This ratio is not a LATE. By definition, a LATE averages
over the latent variables; this is not the same thing as holding them fixed.”
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TABLE OA.1. Pass-through and welfare in the crossing-curves example (τ = 1)

∂D/∂P ρ(ξ̄) Post-tax P Post-tax Q ∆CS

Type ξ1 (steep) −3 1/4 = 0.25 3.25 2.25 −0.66
Type ξ2 (flat) −1 1/2 = 0.50 3.50 2.50 −1.38
Rung 2 plug-in (π = 0.5) −2 1/3 ≈ 0.33 3.33 2.33 —

Notes. The Rung 2 post-tax quantity (2.33) is the population average
E[Q ∣ do(P = 3.33)] = 9 − 2(3.33) ≈ 2.33, which lies between the two market-specific values
but equals neither. The ∆CS entry is blank because welfare requires integrating the
demand level at a specific ξ̄, not an average slope.

through is 1/4—the Rung 2 estimate overstates the price increase by 33%. If the
market is type ξ2, the true pass-through is 1/2—the Rung 2 estimate understates it
by 33%.2 The consumer surplus losses are −0.66 for type ξ1 and −1.38 for type ξ2—a
ratio exceeding 2.3 The error comes from averaging over the latent state before
evaluating a nonlinear function of the demand derivative, not from sampling noise
or estimation imprecision.

Merger simulation. Post-merger price predictions require the demand function at
the merging firms’ pre-merger demand conditions. Themerged entity’s first-order
conditions depend on shares, own-price derivatives, and cross-price derivatives—
all functions of δ∗ and hence of ξ.4

Different markets face different substitution patterns and hence different post-
merger price increases, even at identical pre-merger prices. Amerger analysis that
uses the population-average Jacobian rather than the market-specific Jacobian
will mispredict the post-merger equilibrium.

Consumer surplus. Welfare analysis requires integrating the demand curve over
a price range at the market’s realized ξ̄. In single-good settings, consumer surplus

2The post-tax equilibrium for type ξk solves Q = D(P,ξk) and P = Q + τ simultaneously. For
type ξ1: Q = 12 − 3P and P = Q + 1 yield P = 3.25, Q = 2.25. For type ξ2: Q = 6 − P and P = Q + 1 yield
P = 3.5, Q = 2.5.

3For linear demand Q = a − bP, the change in consumer surplus from a tax-induced price
increase is ∆CS = CS(P + ρτ) − CS(P∗) where CS(P) = (a − bP)2/(2b). For type ξ1: CS(3) = 1.5,
CS(3.25) = 0.84, ∆ = −0.66. For type ξ2: CS(3) = 4.5, CS(3.5) = 3.13, ∆ = −1.38. Pre-tax surplus levels
already differ by a factor of 3 (1.5 vs. 4.5); the tax-induced losses differ by a factor of 2.1.

4This is the standard BLP-style merger simulation exercise; see Nevo (2000). The dependence
of the predicted price increase on market-specific demand conditions is well understood by
practitioners but is not usually framed in terms of the causal hierarchy.
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is CS = ∫
p̄
P∗ qx̄,ξ̄(p)dp, which depends on the entire demand curve, not just its

slope at P∗. The pass-through table above quantifies the welfare consequences:
the pre-tax surplus levels are 1.5 and 4.5 for types ξ1 and ξ2 respectively, differing
by a factor of 3 despite identical observed outcomes.5 In differentiated-products
settings, the relevant object is the inclusive-value (log-sum) expression evaluated
at the market’s demand index.6 The same logic applies: the latent state must be
held fixed.

All three applications share a common structure: a policy-relevant quantity
depends nonlinearly on the demand function evaluated at a specific market’s ξ̄,
and the population average of that nonlinear function does not equal the function
evaluated at the average ξ̄. The gap is Jensen’s inequality applied to the policy
formula.

OA.B. Worked Example: Logit Market

To make the three-step procedure concrete, we walk through a simple logit ex-
ample with J = 3 products, a homogeneous price coefficient α = 1, and known
parameters θ = (α,β) with β = 2.

Setup. Market t has observed data: shares s = (0.30, 0.20, 0.10), outside-good share
s0 = 0.40, prices p = (3, 2, 4), and a single observed characteristic x = (1, 0.5, 0.8).
The structural model is ui j = δ j − αp j + εi j with εi j i.i.d. Type I extreme value,
and δ j = x jβ + ξ j. The share function is σ j(δ̃) = exp(δ̃ j)/(1 + ∑k exp(δ̃k)) where
δ̃ j ≡ δ j −αp j is the “inclusive” mean utility.7

Step 1 (Abduction). The Berry inversion recovers inclusive mean utilities from
observed shares:

δ̃ j = log s j − log s0.

5For linear demandQ = a−bPwith choke price a/b, consumer surplus at price P is (a−bP)2/(2b).
6In the logit, consumer surplus per capita is CS = (1/α) log(1 +∑ j exp(δ̃ j)) where δ̃ j = δ j −αp j.

This depends on δ and hence on ξ. See Berry, Levinsohn, and Pakes (1995), Section 5.
7In the logit, σ depends on δ and p only through δ̃ = δ − αp. This is a property of the logit

functional form, not a general feature of discrete choice models.
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This is the closed-form expression for the logit; in random-coefficients models,
the inversion is numerical but equally well-defined given C2.8 Substituting the
observed shares:

δ̃1 = log(0.30) − log(0.40) ≈ −0.29,

δ̃2 = log(0.20) − log(0.40) ≈ −0.69,

δ̃3 = log(0.10) − log(0.40) ≈ −1.39.

Net-of-price mean utilities: δ j = δ̃ j + αp j, giving δ ≈ (2.71, 1.31, 2.61). These are
the demand indices that the market’s observed shares and prices imply, given
the model. The unobserved quality of each product is ξ j = δ j − x jβ, yielding
ξ ≈ (0.71, 0.31, 1.01). This completes abduction: from observed (s∗, p∗,x∗) and the
model (α,β), we have recovered the latent state (δ∗,ξ∗) specific to market t.

Step 2 (Action). Suppose we want to predict what happens if product 1 raises its
price from p1 = 3 to p′1 = 4, holding all other prices and characteristics fixed. The
intervention replaces the pricing equation for product 1; the demand equation (4)
and the recovered δ∗ remain unchanged. Note that δ does not change—it is the
mean utility net of price, so it depends on (x,ξ) but not on p. What changes is the
inclusive utility: δ̃′1 = δ1 −αp

′
1 = 2.71 − 4 = −1.29.

Step 3 (Prediction). Counterfactual inclusive utilities:

δ̃′ = (−1.29, −0.69, −1.39).

Counterfactual shares:

s′j =
exp(δ̃′j)

1 +∑k exp(δ̃′k)
.

Computing: ∑k exp(δ̃′k) = e
−1.29 + e−0.69 + e−1.39 ≈ 0.275 + 0.502 + 0.249 = 1.026, so

the denominator is 2.026. The counterfactual shares are approximately:

s′ ≈ (0.14, 0.25, 0.12), s′0 ≈ 0.49.

8Berry (1994) proved existence and uniqueness of the logit inversion. Berry, Gandhi, and Haile
(2013) extended the result to a broad class of models satisfying “connected substitutes.”
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Product 1’s share falls from 0.30 to 0.14—a large response. Product 2 gains (from
0.20 to 0.25) as consumers substitute. The outside good also gains.

The counterfactual is market-specific. This computation used market t’s recovered
δ∗ = (2.71, 1.31, 2.61). A different market t′ with different ξ would have different δ∗

and hence different counterfactual shares, even at the same prices. To illustrate,
suppose market t′ has lower unobserved quality for product 1: ξ′1 = −0.29 instead
of 0.71, giving δ′1 = 1.71, while products 2 and 3 are unchanged. Then δ̃′1 = 1.71 − 4 =
−2.29 under the same counterfactual price, and product 1’s counterfactual share
falls to s′1 ≈ 0.05—less than half of what it was in market t. The demand curve is
steeper in market t (product 1 has a larger customer base to lose) and flatter in
market t′. A policymaker who used a population-average δ instead of market t’s
specific δ∗ would get the wrong counterfactual shares.

The population intervention E[s1 ∣ do(P1 = 4)] averages the counterfactual
shares over the distribution of ξ. The unit-level counterfactual s1(p′1 = 4;u) evalu-
ates at market t’s specific δ∗. These are different objects, and no amount of Rung 2
information—no matter how precisely estimated—can substitute for the market-
specific δ∗ that abduction provides. This examplemakes concrete what Theorem 2
formalizes. Abduction inverts observed shares to recover δ∗, the counterfactual
price replaces the observed price, and the share function evaluated at the recov-
ered δ∗ yields the counterfactual quantity. Every computation uses the market’s
own data, not population averages.

OA.C. Detailed Proofs for Proposition 4

The formal statement appears as Proposition 4 in the main text; a proof sketch for
part (a) and the full proof of part (b) appear there as well. Here we provide the
detailed computation for part (a), showing how the identified set behaves in the
crossing-curves example.

By hypothesis, there exist δ1 ≠ δ2 in σ−1({Q∗}, p∗,x∗;θ) with σ(δ1, p′,x∗;θ) ≠
σ(δ2, p′,x∗;θ) for some p′. Both are consistent with the observed data, so abduc-
tion does not pin down δ∗ uniquely. At any such p′, the identified set I(p′; e,L2) ⊇
{σ(δ1, p′,x∗;θ),σ(δ2, p′,x∗;θ)} contains at least two distinct points.

To see this concretely, return to the crossing-curves example of Proposition 1.
The observed data is (Q∗ = 3,P∗ = 3). Without model structure that identifies
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the type (i.e., without C2), the pre-image is {ξ1,ξ2}. The identified set for the
counterfactual at p′ = 4 is:

{D(4,ξ1), D(4,ξ2)} = {12 − 3(4), 6 − 1(4)} = {0, 2}.

At p′ = 2: {12 − 6, 6 − 2} = {6, 4}. At p′ = 5: {12 − 15, 6 − 5} = {−3, 1}. The width of
the identified set grows with the distance from the observed price, because the
two demand curves diverge as they move away from the crossing point. For the
pass-through formula, the identified set for the demand slope is {−3,−1}, yielding
a pass-through identified set of {0.25, 0.50}—a range of uncertainty that is large
enough to affect policy conclusions.

OA.C.1. Geometry of partial identification

The identified set has a geometric structure that generalizes beyond the two-type
example. Return to the crossing-curves case: D(p,ξ1) = 12 − 3p, D(p,ξ2) = 6 − p,
observed data (Q∗ = 3,P∗ = 3).Without C2, the pre-image is {ξ1,ξ2}. The identified
set for the counterfactual quantity at price p′ is

Q(p′) ≡ {D(p′,ξ) : ξ ∈ {ξ1,ξ2}} = {12 − 3p′, 6 − p′}.

At p′ = P∗ = 3, both elements coincide at Q∗ = 3: the identified set is a singleton. As
p′ moves away from P∗, the two demand curves diverge at rate ∣β(ξ1) −β(ξ2)∣ = 2
per unit of price. The width of the identified set is

w(p′) ≡ ∣D(p′,ξ1) −D(p′,ξ2)∣ = 2 ∣p′ − P∗∣.

At p′ = 4: w = 2. At p′ = 5: w = 4. At p′ = 2: w = 2. The set widens linearly with the
distance from the observation point. Figure OA.1 displays this.

The widening is not an artifact of linearity. Proposition 2(b) establishes the
general result: in any setting with two candidate latent states and continuously
differentiable demand, a first-order expansion around P∗ gives

w(p′) = ∣
∂D
∂p
(P∗,ξ1) −

∂D
∂p
(P∗,ξ2)∣ ⋅ ∣p′ − P∗∣ + o(∣p′ − P∗∣).

The leading coefficient is the absolute difference in demand slopes at the two
candidate types. In the linear example,w(p′) = ∣β(ξ1)−β(ξ2)∣ ⋅ ∣p′−P∗∣ exactly. For
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FIGUREOA.1. Identified set for the counterfactualQp′(u)whenC2 fails. The shaded
region shows all demand responses consistent with the observed data (P∗ = 3,Q∗ =
3) and the two candidate latent types. The identified set is a singleton at p′ = P∗
(where both demand curves agree) and widens linearly with the distance from the
observed price. The rate of widening is ∣β(ξ1) −β(ξ2)∣: the more heterogeneous
the price sensitivity, the faster the identified set grows.

the equilibrium counterfactuals of Online Appendix A, the identified set translates
directly into policy uncertainty: pass-through is {0.25, 0.50} (a ratio of 2) and the
consumer surplus loss is {−0.66,−1.38} (a ratio exceeding 2).9 In differentiated-
products settings, the pre-image σ−1({s∗})may contain a continuum of candidate
δ vectors, and the identified set depends on the curvature of σ and the local
geometry of the pre-image.10

9The pass-through identified set follows from substituting each candidate slope into ρ = 1/(1 −
S′ ⋅D′); the consumer surplus identified set follows from evaluating CS(P∗ + ρτ) − CS(P∗) for each
type.
10When σ(⋅, p,x;θ) is smooth but not globally injective, the pre-image is generically a (J − k)-

dimensional manifold in RJ, where k is the rank of ∂σ/∂δ′. See Molinari (2020) for a general
treatment.
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TABLE OA.2. Sensitivity of merger price effects to the unobserved demand state.

δ1 s1 Diversion (2→ 1) Merger ∆p2 Gap vs. pop. avg.

0.5 0.18 0.23 +24% −27 pp
1.0 0.23 0.29 +36% −15 pp
1.5 0.29 0.35 +51% 0 pp
2.0 0.35 0.39 +71% +20 pp
2.5 0.41 0.43 +95% +44 pp

Notes. Same model and marginal costs as Table 2. Only δ1 (and hence ξ1) varies; δ2 = 0.5
and marginal costs are identical across rows. “Pop. avg.” is the row at δ1 = 1.5.

OA.D. Quantitative Illustration: Sensitivity Analysis

The model setup and merger results appear in Section 7 of the main text (Table 2).
This appendix extends the analysis by varying δ1 across a wider range.

Table OA.2 confirms the monotonicity. Varying δ1 from 0.5 to 2.5 (a range of ±1
around the mean), the predicted merger price increase for product 2 ranges from
24% to 95%—a factor of 3.9. The diversion ratio from product 2 to product 1 rises
monotonicallywith δ1, because higher unobserved quality draws a larger customer
base to product 1 and makes it the primary outside option for product 2’s marginal
consumers. This is slope heterogeneity operating through the substitution matrix,
exactly as Theorem 1(b) predicts.

OA.E. Worked Example: C2Without C3

The main text (paragraph after Corollary 1) describes abstractly how C2 can hold
while C3 fails: two latent states ξ1 ≠ ξ2 produce the same demand index δ∗ at
observed characteristics x∗ but different indices at counterfactual characteristics
x′. Here we give a fully worked numerical instance.

Setup. Consider a two-product logit market (J = 2 plus outside good) with shares

σ j(δ) =
exp(δ j)

1 + exp(δ1) + exp(δ2)
, j = 1, 2.
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Shares are injective in δ (Berry inversion holds), so C2 is satisfied. Each product’s
demand index depends on observed characteristics x j and two latent components
(ξ j,η j) through a non-additive index:

δ j(x j,ξ j,η j) = x j ξ j + (1 − x j)η j.

At x j = 1 the index reduces to δ j = ξ j; the second component η j drops out entirely.
This is the source of non-invertibility: observing δ j at x∗j = 1 reveals ξ j but says
nothing about η j. C3 fails because the map (ξ j,η j) ↦ δ j(1,ξ j,η j) = ξ j is not
injective—every value of η j is consistent with the data.

Observed market. Let x∗ = (1, 1), and fix product 2 at δ2 = 1 throughout. Two latent
types produce the same observed index for product 1:

Type A: (ξ1,η1) = (2, 0) Ô⇒ δ1(x∗1 = 1) = 1 ⋅ 2 + 0 ⋅ 0 = 2,

Type B: (ξ1,η1) = (2, 4) Ô⇒ δ1(x∗1 = 1) = 1 ⋅ 2 + 0 ⋅ 4 = 2.

Both types give δ∗ = (2, 1). The observed shares are identical:

σ1 =
e2

1 + e2 + e1
≈ 0.665, σ2 =

e1

1 + e2 + e1
≈ 0.245, σ0 ≈ 0.090.

Berry inversion recovers δ∗ = (2, 1) uniquely. A price-only counterfactual (chang-
ing p1 while holding x∗ fixed) shifts the inclusive utility δ̃1 = δ1 − αp1 but leaves
δ1 = 2 unchanged. Since both types share the same δ∗, every price counterfactual
is point-identified. C2 is doing its job.

Characteristics-changing counterfactual. Now change product 1’s observed charac-
teristic from x∗1 = 1 to x

′
1 = 0.5 (a new product or a quality downgrade). The new

demand index depends on the latent state:

Type A: δ1(0.5, 2, 0) = 0.5 ⋅ 2 + 0.5 ⋅ 0 = 1,

Type B: δ1(0.5, 2, 4) = 0.5 ⋅ 2 + 0.5 ⋅ 4 = 3.
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The two types that were observationally identical at x∗ = 1 now diverge: δA1 = 1
versus δB1 = 3. The counterfactual shares are:

Type A: σ1(1, 1) =
e1

1 + e1 + e1
≈ 0.422, σ2 ≈ 0.422, σ0 ≈ 0.155.

Type B: σ1(3, 1) =
e3

1 + e3 + e1
≈ 0.844, σ2 ≈ 0.114, σ0 ≈ 0.042.

Product 1’s counterfactual share is either 0.422 or 0.844—a factor of two—depending
on which latent state generated the observed market. The identified set for σ1 at
(x′, p) is {0.422, 0.844}, and no Rung 2 information can narrow it.

Diagnosis. The index function δ j = x jξ j +(1−x j)η j is injective in ξ j for each fixed
(x j,η j), so Berry inversion succeeds: δ∗ is unique. But the map (ξ j,η j) ↦ δ j is
not injective at x∗j = 1, because η j is unobserved and irrelevant at the observed
characteristics. The latent state ξ̄ = (ξ j,η j) is not recovered by inversion—only
the index δ∗ is. Changing x j to x′j ≠ 1 reactivates η j in the index, and the ambiguity
becomes visible. This is the C2/C3 decomposition in action: price-only counter-
factuals need only the index (C2), but characteristics-changing counterfactuals
need the full latent state (C3).

OA.F. Identified Set in a Logit Demand System

The crossing-curves example (Proposition 1) and the geometry of partial identifi-
cation (Section OA.C.1) use linear demand. Here we compute the identified set in a
logit demand system—the functional form underlying BLP and its descendants—to
show how the same mechanism operates when shares are bounded.

Setup. Consider a single-product market with a logistic demand function and
type-specific price sensitivity. Two candidate latent types, A and B, generate de-
mand:

σ(p; type) =
exp(δtype −αtype p)

1 + exp(δtype −αtype p)
,

where δ is the mean utility (net of price) and α > 0 is the price coefficient. Fix
(δA,αA) = (6, 2) and (δB,αB) = (3, 1). At the observed price P∗ = 3, both types
have inclusive value δ−αP∗ = 0 and share σ∗ = 0.50. The pre-image σ−1({0.50},P∗)
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contains both types: inversion fails.

Pre-image and counterfactual shares. At any counterfactual price p′, the two types’
shares diverge because their price sensitivities differ (αA = 2 ≠ 1 = αB):

σ(p′; A) =
exp(6 − 2p′)

1 + exp(6 − 2p′)
, σ(p′; B) =

exp(3 − p′)
1 + exp(3 − p′)

.

The identified set for the counterfactual share is I(p′) = {σ(p′;A), σ(p′;B)}.
Evaluating:

p′ σ(p′; A) σ(p′; B) width first-order

2 0.88 0.73 0.15 0.25
3 0.50 0.50 0 0
4 0.12 0.27 0.15 0.25
5 0.02 0.12 0.10 0.50

Boundedwidth. In the linearmodel, the identified-setwidth growswithout bound:
w(p′) = ∣β1 −β2∣ ⋅ ∣p′ −P∗∣. In the logit, the width is bounded—shares lie in (0, 1), so
the maximum width cannot exceed 1. The actual maximum is approximately 0.15,
occurring near ∣p′ − P∗∣ ≈ 1. Farther from the crossing point, both types’ shares
saturate (toward 0 or 1), and the width shrinks. The first-order approximation from
Proposition 2(b) gives w(p′) ≈ ∣αA −αB∣ ⋅ σ∗(1 − σ∗) ⋅ ∣p′ − P∗∣ = 0.25 ∣p′ − P∗∣, which
overestimates the true width at moderate distances and diverges at large distances.
The logit’s concavity provides a natural bound that linear demand lacks.11

Standard discrete-choice models and C2. In a multi-product logit or BLP model
where the analyst observes product-level shares, the share function σ(δ, p,x;θ) is
globally injective in δ (Berry 1994; Berry, Gandhi, and Haile 2013). The pre-image
σ−1({s∗}) is a singleton: C2 holds, and the identified set for price counterfactuals
collapses to a point. This is a failure of model identification (which θ generated
the data), not a failure of C2 for a fixed model. The non-injectivity above arises
because the two types differ inα, a structural parameter, not just in the latent state ξ
for a fixed α. In BLP, α (or its distribution) is a common parameter estimated from

11The derivative at the crossing is ∂σ/∂p = −ασ(1 − σ), giving −0.50 for type A and −0.25 for
type B. The first-order width coefficient is ∣−0.50 − (−0.25)∣ = 0.25.
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the cross-section; ξ is market-specific and enters only through δ. Once α is known
and product-level shares are observed, Berry inversion recovers δ∗ uniquely.

In the canonical BLP framework with known θ and observed product-level
shares, C2 holds by construction—this is the content of Berry (1994) and Berry,
Gandhi, and Haile (2013). The identified set becomes non-singleton when either
the structural parameter varies across markets (as above) or the analyst observes
only aggregate data. Both settings are empirically common: the first arises when
price sensitivity has market-level variation beyond the individual heterogeneity
that BLP integrates out; the second arises in markets where only category-level
sales are available.

OA.G. Connections and Extensions

Identification cost of abduction. Borusyak et al. (2026) study nonparametric identi-
fication of demand when product characteristics need not be exogenous. They
show that price counterfactuals are identified using recentered instruments, which
combine exogenous price instruments with possibly endogenous characteristics
and are recentered so that validity comes from the exogenous price shocks. The
key condition is faithfulness: a strength-of-variation condition under which inverse-
demand candidates consistent with the recentered instrument test all imply the
same price counterfactuals, even though demand is not fully identified.

Thehierarchyprovides auseful decompositionofwhat their conditions achieve.
Standard price instruments can identify average price effects or interventional
responses—the Rung 1-to-2 transition. Faithfulness serves the Rung 2-to-3 tran-
sition: it requires price-instrument variation strong enough in P, together with
proxy variation in X rich enough about δ, that candidates consistent with those
average effects cannot disagree about price counterfactuals holding δ fixed.12

Without faithfulness, instruments may be adequate for average price effects yet
still be too weak for market-specific price counterfactuals.

Their framework also makes explicit that the variation required for price
counterfactuals ismore than what average price effects require, but less than what
full nonparametric demand identification requires. This is exactly the margin
12In our language, faithfulness is analogous to the extra condition needed tomove from interven-

tional average responses to price counterfactuals for a market with fixed latent demand conditions.
Unlike C2, BCHL do not point-identify the full inverse demand function or the realized δ∗; the
remaining transformation cancels in price-counterfactual calculations.
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isolated by the hierarchy.

Counterfactual homogeneity. Chen (2025) reformulates the Berry–Haile market-
level setup in potential-outcomes language, showing that themaintained structure
appears as counterfactual homogeneity plus an additional functional-form restric-
tion.13

In the SCM, a price-counterfactual version of this restriction follows from C1
and C2. If σ is common across markets (C1) and invertible (C2), then observing
Q∗ at conditions (P∗,X∗) uniquely determines δ∗ via inversion, and δ∗ deter-
mines counterfactual outcomes σ(δ∗, p′,X∗;θ) at any counterfactual price p′.
The map from observed to counterfactual outcomes is therefore a function of
(Q∗,P∗,X∗, p′) alone, identical across markets. This is the price-counterfactual
analogue of Chen’s counterfactual homogeneity.

The SCM counterfactual Qp(u) and the Neyman–Rubin potential outcome
Qi(p) are the same object, indexed differently.14 Under C1–C2, the potential out-
come can be written as

Qi(p) = σ(σ−1(Qi(p∗), p∗,xi;θ), p, xi; θ),

which is a deterministic functionof the observableQi(p∗) and theknown (p∗,xi, p,θ).
This means Var(Qi(p) ∣ Qi(p∗),Xi) = 0: knowing a market’s outcome at one price
determines its outcome at any other price. This is a conditional, price-only ver-
sion of Chen’s Var(Yi(a) ∣ Yi(a′)) = 0 restriction, derived here as a consequence
of the SCM structure. It confirms that Chen’s restriction captures the price-only
implication of the abduction step.

When counterfactual homogeneity is only approximately true (as it must be
in practice), Rung 3 outputs are best interpreted as model-based extrapolations
disciplined by Rung 2 variation: the structural model uses Rung 2 variation to
learn σ and then extrapolates to Rung 3 via abduction.
13This is our encoding of Chen’s concept. His formulation is that “the relationship between

counterfactual outcomes is assumed to be identical across markets.”
14In the SCM, u denotes the unit’s exogenous variables; in the potential outcomes framework, i

indexes the unit directly. The equivalence Qp(u) = Qi(p) holds because both denote “what market
i would demand at price p, holding everything else fixed.”
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